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ABSTRACT: Random multilayer (RML) structures, or aperiodic superlattices, can
localize coherent phonons and therefore exhibit drastically reduced lattice thermal
conductivity compared to their superlattice counterparts. The optimization of RML
structures is essential for obtaining ultralow thermal conductivity, which is critical for
various applications such as thermoelectrics and thermal barrier coatings. A higher
degree of disorder in RMLs will lead to stronger phonon localization and,
correspondingly, a lower lattice thermal conductivity. In this work, we identified
several essential parameters for quantifying the disorder in layer thicknesses of RMLs.
We were able to correlate these disorder parameters with thermal conductivity, as
confirmed by classical molecular dynamics simulations of conceptual Lennard-Jones RMLs. Moreover, we have shown that these
parameters are effective as features for physics-based machine learning models to predict the lattice thermal conductivity of RMLs
with improved accuracy and efficiency.
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1. INTRODUCTION

Materials with an ultralow lattice thermal conductivity have
always been of great interest to industry and governmental
agencies. For example, thermal barrier coatings play a critical
role in the automotive industry, the aerospace industry, and the
space missions of the National Aeronautics and Space
Administration (NASA). They are typically composed of
materials with ultralow thermal conductivity and thus can
protect the hot-side wall of an internal combustion engine
from overheating, thereby enabling the use of a higher engine
temperature for increased efficiency and lower emission.1−3

For thermal barrier coatings, a lower thermal conductivity is
almost always beneficial to their performance. Likewise,
reducing the lattice thermal conductivity (κL) is one of the
most effective ways for improving the figure-of-merit (ZT) of
thermoelectric (TE) materials.4−7 In fact, the low energy
efficiency (≤10%) of existing TE materials prevents their vast
application in various scenarios. It has been estimated that the
ZT of TE materials should exceed 3 to compete with
conventional power generators for converting heat into
electricity; similarly, it should exceed this value for TE devices
to replace conventional coolers for cooling purposes.8 It is
worth noting that the low efficiency of the high-temperature
TE materials (e.g., LaTe and PrTe alloys) used in NASA’s
radioisotope thermoelectric generators renders it necessary to
carry enormous 238Pu, which is extremely scarce9 and could
cause atmospheric radioactive contamination due to the
unwanted occurrence of launching or re-entry accidents,10 to
generate sufficient power in deep space missions. To attain the

best outcome of TE technology, using TE materials with high
conversion efficiency is of utmost importance. The efficiency of
TE materials is measured by the dimensionless ZT, which is
defined as

σ
κ κ
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where σ is the electrical conductivity, S is the Seebeck
coefficient, T is the absolute temperature, and κe and κL are the
electronic and lattice thermal conductivity, respectively. Since
σ and κe are highly coupled via the Wiedemann−Franz law, it
is obvious that a low κL is essential for achieving a high ZT
without proportionally sacrificing the electrical properties of
the crystalline materials. Besides, lowering the cross-plane κL
results in a higher anisotropy of the thermal conductivity
tensor, which is essential for applications like heat-assisted
magnetic recording.11

Strategies for reducing κL have been extensively explored
over the past few decades. Hicks and Dresselhaus are the two
pioneers who revealed that 1D and 2D nanostructures exhibit
significantly lower κL than their conventional 3D counter-
parts.12,13 Since then, numerous strategies14−17 have focused
on combining various phonon scattering mechanisms, such as
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grain boundaries, embedded nanoparticles, and nanocompo-
sites. These strategies hold great promise for balanced
performance, reliability, cost, and complexity for manufactur-
ing.6,18 Indeed, nanocomposites/nanocrystals with grain-
boundary scattering,18,19 superlattices (SL) with interface
scattering,20 alloys with mass/bond-difference scattering,21

and nanowires with boundary roughness scattering14 have
been reported to exhibit significantly lower κL compared to the
bulk materials. However, it has become extremely challenging
to reduce the κL of state-of-the-art materials further by merely
engineering phonon scattering, which prevents the continued
improvement of thermal barrier coatings and TE materials.
Recently, it has been revealed that random multilayer

(RML) structures, also referred as aperiodic superlattice in
literatures22−24 (which is obtained by randomizing the layer
thickness of a SL and maintaining the same average layer
thickness and interface density as that of SL), exhibit
significantly lower κL than their SL counterparts22,24 and the
κL of RMLs can even beat the random alloy limit. SL and RML
are the two forms of multilayered structures that have gained
significant interest among scientists and researchers, not just
for their lower κL for thermal and thermoelectric applications.
In fact, SLs and RMLs have been extensively explored to tailor
their electronic and photonic transport properties for a wide
range of applications, including photonic and optoelectronic
devices.25−29

Depending on the period length, phonon can transmit either
coherently or incoherently in SLs. It is well known that
coherent phonons tend to have a long wavelength and mean
free path, and incoherent phonons usually have a short
wavelength and mean free path.22,30 Since the coherent
phonon modes are mostly localized in RMLs, RMLs exhibit
a significantly lower cross-plane κL than their SL counterparts.
Specifically, localization in RMLs results from the destructive
interference of coherent phonons and has been reported to
quench the phonon transport in both conceptual and realistic
RML systems drastically. In particular, it was reported that an
RML can exhibit up to 98% lower κL compared to that of the
corresponding SL.11,22,24,30 In addition, it was found that the κL
of RMLs can be reduced even further by introducing lattice
imperfections, for example, through doping.30 Specifically, it
was shown through molecular dynamics (MD) simulations
that doping RMLs with foreign elements with significantly
higher or lower characteristic vibrational frequency compared
to that of base constituent materials can further reduce the κL
of a conceptual RML by as much as ∼65%.30 With a view to
optimizing the RML structures to attain the lowest possible κL,
Wang et al. investigated the thermal transport in SLs and
RMLs with different interface conditions, average period
thicknesses, bond strengths, and atomic masses, and reached
certain pragmatic conclusions.11,30 For example, for a fixed
device length, it is more beneficial to use the smallest possible
period length for lowering the κL of RMLs because a high
interface density enhances the scattering of incoherent
phonons. Since RMLs localize coherent phonons and the
higher interface density reduces incoherent phonon transport,
the overall κL of RMLs is significantly reduced. However, there
still lacks a rigorous consideration of randomness in RMLs.
One important question would be how to define the

randomness of an RML and relate the randomness with κL of
RMLs quantitatively. This problem has two essential aspects.
First, there are numerous possible RMLs with the same L
(length) and same d (mean layer thickness) but different

thickness distributions, which have different thermal con-
ductivities; we want to find the best thickness distribution that
leads to the lowest κL. Second, there are numerous possible
arrangements (i.e., order of layers) for a given thickness
distribution. To be more specific, there are up to N! × N!
possible configurations of N-period RMLs. For example, a 16-
period RML would have a maximum of ∼4.38 × 1026 possible
configurations. It is not practically possible to evaluate each of
the arrangements using MD simulation or experiment to find
the best configuration that will exhibit the lowest κL.
In a pioneering study by Ju et al.31 in 2017, the atomistic

Green’s function (AGF) method was combined with Bayesian
optimization to successfully minimize the thermal conductance
of Si/Ge multilayers, demonstrating the effectiveness of
material informatics in designing multilayered nanostructures.
It is worth noting that the neglect of anharmonic phonon
scatterings in the harmonic AGF approach used in Ju et al.’s
work limits the generality of the conclusion to systems with
strong anharmonicitywhich is generally the case for
thermoelectric materialsor high temperatures. In contrast,
despite of its drawback in its inability to consider quantum
phonon statistics at sub-Debye temperature and high computa-
tional costs, molecular dynamics can model anharmonic
phonon scattering and thus phase breaking dynamics. There-
fore, a molecular dynamics-based study will be important for
testing the effectiveness of machine learning techniques for
predicting thermal conductivity in those complex scenarios. In
2019, Juntunen et al. used the disorder limit, D (maximum
deviation from the mean layer thickness d), to show the
correlation between the degree of disorder and thermal
conductivity of Si/Ge RMLs.24 The authors reported that
higher D results in lower κL. However, we can obviously obtain
numerous RML structures with different thickness distribu-
tions that will have the same D, thus D itself is far from being
sufficient to correlate the degree of randomness and κL of
RMLs.
In this work, we identify two randomness parametersthe

thickness-based index of randomization and period-based
index of randomization to quantify the disorder in the layer/
period thickness of RMLs. We further demonstrate in our work
that machine learning (ML) is useful for identifying the
optimal configuration of RML with the lowest κL because ML
could significantly reduce the computational cost while
retaining acceptable accuracy compared with pure molecular
dynamics simulations.

2. METHODOLOGY

In this section, we first provide details of the nonequilibrium
MD approach for calculating the κL and transmission spectra of
multilayer structures. Then, we describe the machine learning
approach for predicting κL, which is trained by MD results.

2.1. Molecular Dynamics Simulations. We conduct
classical MD simulations to calculate the κL of the structures
shown in Figure 1 with a view to relating the degree of
randomness of the RML structures with their κL’s. The
structures for MD simulations are composed of two types of
conceptual atoms A and B with atomic mass values of mA = 40
g/mol and mB = 90 g/mol, respectively. The interaction
between the atoms is modeled using the Lennard-Jones (LJ)
potential
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where ϕ(rij) is the pairwise interaction energy, rij is the
distance between atoms i and j, ϵ is the potential well depth,
and ro is the zero-potential-energy pair separation. We set the
parameters of the LJ potential to be ϵ = 0.1664 eV and ro =
0.34 nm. The cutoff radius for truncating the atomic
interactions in MD simulation is set to be rc = 2.5ro. We
choose to use the LJ potential for the computation because it
has proven to be very effective for revealing the essential
physics of phonon transport and localization,11,32,33 and it is
computationally more viable than the complex potentials like
the Tersoff potential. The RML structures are created by
replicating the conventional fcc unit cell (UC) of solid argon
with a lattice constant of 5.23 Å in all three dimensions. The
random thicknesses of RML structures considered in our study
are generated by adopting the algorithm in ref 11 unless
otherwise stated, and we ensure that the average layer
thickness of the RMLs is the same as that of the corresponding
SL.
In addition, we study the κL of the corresponding SL and

gradient multilayer (GML) structures. It is worth noting that
GMLs have the same thickness distribution as RMLs, but the
layer thickness is arranged in an ascending order. For each of
the RML configurations, a corresponding GML is created by
sorting the layer thickness of the RML in ascending order.
Based on the randomness, the SL, RML, and GML can be
considered as uniform, random, and pseudorandom multi-
layered structures, respectively.
In Figure 1d, we show the MD simulation setup used in our

study. The device (the structure of interest) is sandwiched
between two sufficiently long (62 UC ≈ 327 Å) heat baths. We
observed in our previous study that the heat bath should be
long enough to obtain the converged values of κL from
nonequilibrium MD simulations.22 Hot and cold baths are
composed of B- and A-type atoms, respectively. We use Ac = 4
UC × 4 UC as the cross-sectional area for our study. The
simulation time step is chosen as Δt = 1 fs. At the beginning of

the simulation, we apply the periodic boundary condition in all
three dimensions and assign each atom with a random velocity
following the Gaussian distribution such that the average
kinetic energy of the atoms corresponds to a temperature of 5
K. Then, the simulation domain temperature is gradually raised
from T = 5 to 30 K to ensure structural and thermodynamic
stability. Subsequently, the entire simulation domain is relaxed
in the isothermal-isobaric ensemble at zero pressure and a
temperature of 30 K for 200 ps. To ensure that there is no
cross-boundary energy transfer between the two ends of the
simulation domain, we then apply the fixed boundary
condition to the heat flow direction. In particular, we freeze
an ∼1 nm-thick layer of atoms at both ends of the simulation
domain. We conduct further simulation in the microcanonical
(NVE) ensemble, that is, with a constant particle number N,
constant volume V, and constant total energy E, for 25 ns. The
hot and cold baths are maintained at temperatures of Th = 33
K and Tc = 27 K, respectively, using a simple but effective
velocity rescaling algorithm implemented in LAMMPS.34 It is
worth noting that a temperature bias of 6 K is chosen to avoid
nonlinear effects near the heat bath and ensure a large signal-
to-noise ratio. The lattice thermal conductivity is calculated as
κL = JL/[Ac(Th − Tc)] where J is the heat current and Ac and L
are the cross-sectional area and device length, respectively. The

heat current is calculated as = +( )J /2dE
dt

dE
dt

h c in which Eh

and Ec are the kinetic energies that have been added to or
subtracted from the hot and cold bath by the time t. Once the
system reaches the steady state, we fit the Eh − t and Ec − t
curves using the linear least regression method to obtain J. We
use LAMMPS to conduct MD simulations.34

2.2. Transmission Calculation. The method developed
by Saäs̈kilahti et al.35 was used to obtain phonon transmission
spectra from nonequilibrium molecular dynamics simulations.
Specifically, we choose an imaginary interface at approximately
the center of the device and trace the velocity of atoms within
1 nm regions on the left and right side of the interface. We
record the velocity data for 1 ns after the heat current across
the devices is steady, that is, the system reaches the steady
state. We calculate the harmonic force constants by tracking
the change of potential energy as we displace the atoms slightly
from their equilibrium positions. Finally, we are able to
calculate the phonon transmission using the following equation

∑ ∑τ ω
ω

ω

ω ω

= −
Δ

⟨

× ⟩

α β

α

αβ β

∈ ∈ ∈t k T
v

K v

( )
2

Im ( )

( ) ( )

i L j R x y z
i

ij j

B , , , ,

(3)

where t is the simulation time, ω is the frequency, vi
α is the

Fourier transformed atomic velocity of atom i in the α
direction, Kij

αβ is the harmonic force constant, and kB is the
Boltzmann constant. L and R denote the left and right side of
the interface, respectively. More details of the transmission
calculation can be found in Saäs̈kilahti et al.’s original work.35

2.3. Machine Learning. The crucial step for ML-based
predictions is to find the essential features for training and
testing the model. Poor selection of features would make the
model occupied with useless information and therefore will
lead to a poor prediction of κL. For a physics-based ML
problem like ours, finding the essential features becomes an
even more complex and nontrivial job. In our study, the mass
and binding energy mismatch of the constituent materials,
thickness distributions, and thickness arrangements of the

Figure 1. Schematic of the structures simulated in this work: (a)
superlattice (SL), (b) random multilayer (RML), and (c) gradient
multilayer (GML). Cyan and golden regions are composed of A- and
B-type atoms, respectively. (d) Schematic of the nonequlibrium MD
simulation setup. The black region signifies the fixed atoms during the
simulation in the NVE ensemble.
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RMLs are some of the crucial parameters that define the κL of
RMLs. However, we choose to use the same constituent base
materials and interaction energy to study the structural
randomness of RMLs. It can be easily recognized that the
structural parameters, for example, thickness distribution and
thickness arrangement, are the main information that need to
be fed into our ML model to obtain the best prediction of κL.
To find out the best way of feeding the structural information
to the ML model, we test different combinations of features
that include thickness arrangements, the thickness-based index
of randomization (Rd), the period-based index of random-
ization (Rp), and standard deviation of the thickness (δ). We
provide the detailed definitions of Rd, Rp, and δ in Section 3.1.
The performance of these features in an ML model is discussed
in Section 3.3.
Considering the nonlinearity of our problem, we choose to

predict the κL of RMLs employing a neural network (NN)-
based ML model. A schematic of the NN model used in this
work is provided in Figure 2. The number of hidden layers and

the number of nodes in each hidden layer are chosen through
careful experimentation such that we can avoid overfitting of
the ML model. Indeed, the number of hidden layers and the
number of nodes in each hidden layer are two main
hyperparameters36 that control the architecture of the NN,
and they solely depend on the specific data set.
At the beginning of the training, the weights and biases of

each link are chosen arbitrarily. In general, the initial weights
and biases result in abysmal accuracy. The output from the nth
node in the lth layer of the network is calculated as

i

k

jjjjjjj
y

{

zzzzzzz∑ϕ ϕ= · + = +
=

x wf b x w b( )l n
l n l n

l n
j

p

j
l n

j
l n

l n,
, ,

,
1

, ,
,

(4)

where j is the index of input, ϕ is the activation function, x is
the input vector to the (l,n) node, w is the weight vector that

contains the weight factors for each input to that particular
node, p represents the number of inputs to the node, and b is
the bias factor. For our study, we use scaled exponential linear
activation function.37 We choose to use the optimizer
″Adam″38 because it performs well with less tuning of the
hyperparameters and requires a small amount of memory.
The training steps can be summarized as follows: (i) the

assigned or adjusted weights and biases are used to calculate
the output y from the feature vector x. (ii) The errors, that is,
the difference between the obtained output y, that is, κL and
actual output ŷ are calculated as E = ŷ − y. (iii) Through the
backward propagation algorithm, the weight factor for each
input of each node is adjusted. The details about the
adjustments of weights through the backpropagation algorithm
for the NN approach can be found in the ML textbooks.36

Steps (i)−(iii) are repeated for sufficient epochs (Nepochs, a
hyperparameter that defines the number of times the training
algorithm works through the entire training data set) to obtain
the desired accuracy. In particular, we choose Nepochs such that
the mean absolute percentage error (MAPE) of κL for the
validation data set (20% of the training data set) drops below
∼5% for each case, as reported in Section 3.3. Once we train
the ML model for the selected number of epochs, we fix the
weights and biases for each node. Then, these fixed weights
and biases are used to calculate the final output for any input
feature vector corresponding to RML structures that are not
used for training. We implement our ML model using the
open-source libraries of python.39

3. RESULTS AND DISCUSSIONS
3.1. Impact of Layer Thickness Arrangement on

Thermal Conductivity of RMLs. In this section, we study
the impact of the arrangement of layer thicknesses on the κL of
RMLs. If the layer thicknesses of an RML are ordered in
ascending order (Figure 1c), then the structure becomes a
gradient multilayer (GML), which is a pseudo-RML. In fact,
GML itself is one of the possible RMLs for a specific thickness
distribution. To gradually make a GML more disordered, thus
turning into an RML, we introduce disorder to its layer
thicknesses by swapping the thicknesses of the randomly
selected ith and jth layers of the same type of atom. Obviously,
RMLs obtained in this way have the same thickness
distribution as the starting GML, but they are different in
the arrangement (order) of the thicknesses. We use the
number of swaps (S) to quantify the introduced disorder in
GML. Notably, S is not always the minimum number of swaps
required to build an RML from its corresponding GML.
Moreover, it is evident that swapping two layers with a larger
distance might disorder the GML/RML structure more
significantly than swapping two layers closer to each other.
However, we note that, herein, S is merely used as a strategy
for us to generate structures with approximately increasing
disorder as testing structures for machine learning models,
which turns out to suffice the purpose.
Here, we start from two GMLs (GML1 and GML2), both of

which have N = 32 periods and an average thickness of d = 4
UC but have different thickness distributions. For each GML,
we conduct 10 independent rounds of swappings to obtain 10
sets of RMLs with S varying from 0 (the original GML) to 50.
Therefore, we will have 500 structures for each layer thickness
distribution, that is, GML1 and GML2. The relations between
κL and S are shown in Figure 3a (GML1) and Figure 3f
(GML2). Obviously, κL decreases as S increases in GMLs.

Figure 2. Simplified schematic of a neural network (NN). The top
and bottom layer are the feature vector and output layer, respectively.
Middle layers are the hidden layers. x1, x2,.....,xp represent the features
of the ML model. p represents the number of features and y = κL is the
final output.
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Moreover, we note that κL decays exponentially as S increases.

Specifically, we fit the data with κ = +−ae cS b
L

/ of which the
fitting parameters are a = 0.71, b = 4.0, and c = 1.17 for GML1
and a = 0.52, b = 5.8, and c = 1.17 for GML2. The fitting
curves almost overlaps with the averaged κL − S curve, as
shown in Figure 3a,f.
To quantify the randomness in layer thicknesses, we adopt

the concept of thickness-based index of randomization Rd as
40

=
∑ [ − + − ]= − −R

d d d d

N

( ) ( )i
N

i i i i
d

2 A, A, 1
2

B, B, 1
2

(5)

where dA,i and dB,i are the thickness of materials A and B in the
ith period and N is the number of periods in RML. In fact, Rd

is reported to be adequate to correlate the randomness of RML
quantum wells with their photoluminescence.40 Rd as a
function of S is shown in Figure 3b (GML1) and Figure 3g
(GML2), and it is evident that Rd increases as S increases.
From Figure 3c and 3h, it can further be appreciated that the
κL of GML1 (GML2) decreases as Rd increases, in general.
In addition to the randomness of thickness of successive

layers, period wise randomness will also arise during the
swapping procedure, that is, the nth period length can be
significantly different from the (n + 1)th period length. To
quantify the period wise randomness, we define the period-
based index of randomness Rp as

=
∑ [ + − + ]= − −R

d d d d

N

(( ) ( ))i
N

i i i i
p

2 A, B, A, 1 B, 1
2

(6)

Similar to Rd, Rp also increases as S increases, as shown in
Figure 3d (GML1) and Figure 3i (GML2). Moreover, it is
observed that κL decreases as Rp increases (Figure 3e,j), in
general. Comparing Figure 3a−e (f−j) for GML1 (GML2), in
which the reported κL’s correspond to the RMLs with the same
thickness distribution but different thickness arrangements, we
can claim that Rd and Rp are the two effective, if not the only,
parameters that can relate the κL’s with the disorder of RMLs
for a given thickness distribution. From Figure 3, we can
further conclude that the swapping method can be helpful in
obtaining an arrangement with a lower κL for a given thickness
distribution.
We compare the normalized (with respect to the maximum

transmission of the corresponding SL) phonon transmission of
GML (S = 0) and two RMLs (with S = 5 and 40) in the inset
of Figure 3a (GML1) and Figure 3f (GML2). In the same
plots, we also report the phonon transmission of the
corresponding SL with the same interface density and average
layer thickness. From the transmission plots, we can reaffirm
that, as opposed to an SL, a GML experiences a broadband
phonon localization, and the localization effect becomes more
dominant as we introduce disorder to a GML through the
swapping method.

Figure 3. Changes of lattice thermal conductivity as GML is introduced with randomness through the thickness position swapping method for (a)
GML1 and (f) GML2. For each S, we have 10 κL’s because we have conducted the swapping method 10 times independently for each GML, and
eventually, we obtained 10 sets of structures (each set has 50 RML structures). S = 0 signifies the unswapped GML. The insets of panels (a) and (f)
are the normalized transmission spectra of SL, GML, RML (S = 5), and RML (S = 40), corresponding to GML1 and GML2, respectively. The
transmission spectra are obtained from the same nonequilibrium molecular dynamics simulations in which we obtain the thermal conductivity data,
and the normalization of transmission is done with respect to maximum transmission of SL. The changes of Rd with respect to the number of swaps
are provided in (b) GML1 and (g) GML2. (c, h) Changes of κL with respect to Rd for GML1 (GML2). The changes of Rp with respect to the
number of swaps are provided in (d) GML1 and (i) GML2. (e, j) Changes of κL with respect to Rp for GML1 (GML2).
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In general, we observe a decreasing trend of κL as S
increases. The trend is not 100% monotonic, that is, in many
cases, the κL of the structure obtained after Nth swaps is higher
than that structure obtained after (N − 1)th swaps. This
increment may have arisen due to the formation of mini-
superlattices (mini-SLs), that is, short length SLs within the
RMLs, which facilitate the formation of coherent phonons. At
this point of discussion, we want to mention that the κL of the
corresponding SL (N = 32 and d = 4 UC) is obtained to be 3.7
W/(m·K). As expected, κL of SL is higher than both GMLs and
RMLs.
So far, we have confined our discussions to the randomness

and κL of RMLs for a given thickness distribution. Based on
our findings, Rd and Rp are very effective for correlating the
disorder with κL for different arrangements of RMLs with the
same thickness distribution. However, to choose the best RML,

that is, one with the lowest κL , we need to compare the κL of
RMLs of different thickness distributions. We believe that Rd

and Rp are not sufficient to distinguish between RMLs with
different thickness distributions. Therefore, we will study
RMLs with different thickness distributions in the following
section.

3.2. Impact of Layer Thickness Distribution on
Thermal Conductivity of RMLs. In this section, we strive
to quantitatively correlate the disorder of RMLs of different
thickness distributions with their κL. Thus, we generate 3400
multilayer structures with N = 32 and d = 4 UC, half of which
are randomly generated RML structures and the other half are
their corresponding GMLs. We conduct MD simulations to
calculate the κL of these structures. The impact of N and d on
κL of RMLs has already been studied in our earlier works.11,30

Figure 4. Changes of lattice thermal conductivity of 3400 multilayer structures with respect to the change of (a) R for layer thickness (Rd), (b) R
for period (Rp), and (c) standard deviation of layer thicknesses (δ). Among the 3400 structures, 1700 structures are randomly generated RMLs, and
the other 1700 structures are their corresponding GMLs.

Figure 5. Comparison between MD-predicted thermal conductivity, that is, the true values, and ML-predicted values of a set of RMLs generated by
the swapping method with S increasing from 0 (GML) to 50. The data used for training the ML model are the configurations and the
corresponding MD-predicted thermal conductivities of 451 structures: one GML plus nine sets of RMLs generated through the swapping method,
each of which containing 50 RMLs with the number of swaps S increasing from 1 to 50. Different combinations of parameters are used as the
features for the ML model. Specifically, (a) sequence; (b) sequence, Rd, δ, Rp, Δdmax, and Δdmin; (c) sequence, Rd, δ, and Rp; and (d) Rd, δ, and Rp
are used for training the model.
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Therefore, we choose sufficiently large N and d to obtain a
wide variation of disorder and κL of the RMLs.
We first report κL as a function of Rd and Rp in Figure 4a,b,

respectively. Obviously, both Rd and Rp can distinguish
between the κL of RMLs and the corresponding GMLs.
However, as mentioned earlier, these two parameters do not
consider the difference in thickness distribution explicitly.
Thus, we need additional parameters to describe the
differences between RMLs with different thickness distribu-
tions. Obviously, standard deviation (δ) is one of them, which
is defined as

δ =
∑ [ − + − ]= d d d d

N

( ) ( )

2
i
N

i i1 A,
2

B,
2

(7)

The δ of the 3400 structures and the corresponding κL’s are
shown in Figure 4c. As expected, δ cannot distinguish between
the κL of an RML and its GML because they have the same
thickness distribution. However, it is obvious that κL should
depend on δ and there is a strong evidence to support this
statement.24 A careful inspection of Figure 4a,b and
consideration of the findings by Juntunen et al.24 help us
conclude that the κL of an RML depends on Rd, Rp, and δ in a
nonlinear and complex manner. Therefore, we believe that
there are more relevant parameters that can help us
quantitatively relate disorder with κL of RMLs more precisely.
So far, we can conclude that thickness distribution and

thickness arrangement are the fundamental attributes that
define the κL of an RML and that any statistical model should
be able to predict the κL of RMLs if the model can distinguish
among different thickness distributions and different arrange-
ments for a specific thickness distribution. A machine learning
(ML) model could be a powerful tool that can handle the
complexity of the problem if we can adequately feed the ML

model with the structural information and the corresponding
κL of RMLs.

3.3. Machine Learning-Based Prediction of κL. We first
adopt the ML model to predict the κL of different
arrangements of an RML. In particular, we choose a GML
and generate 10 sets of RMLs from the GML through the
swapping method and calculate their κL using MD simulations.
Details of the thickness swapping method can be found in
Section 3.1.
Nine sets of the data (out of the 10 sets that we generated)

are used for training the ML model, and the 10th one is used
for testing the model. Each set has 50 RML structures, and
accordingly, our training (testing) set consists of 450 (50)
RML structures and their κL. The training sample with 450
data may seem a small quantity. However, all the considered
structures (generated through the swapping method) have the
same thickness distribution, and the difference among them is
just the thickness arrangement. Therefore, 450 training data
are found to be sufficient for training the ML model. We
consider the thickness sequence, Rd, Rp, δ, Δdmax, and Δdmin as
the features for the ML model where Δdmax and Δdmin
represent the maximum and minimum deviation of layer
thickness with respect to the mean layer thickness of RML, as
defined in ref 24. The predicted κL’s of the RMLs from the ML
model are compared with the actual value from MD
simulations in Figure 5.
We test the performance of four different combinations of

features: (i) layer thickness sequence (Figure 5a); (ii) layer
thickness sequence, Rd, δ, Rp, δ, Δdmax, and Δdmin (Figure 5b);
(iii) layer thickness sequence, Rd, δ, and Rp (Figure 5c); and
(iv) Rd, δ, and Rp (Figure 5d). From Figure 5, it is obvious that
the ML model predicts the decreasing trend of κL of RMLs
reasonably well for all the four types of combinations. From
Figure 5a, we can conclude that the thickness sequence is a

Figure 6. Comparison between MD-predicted thermal conductivity, that is, the true values, and ML-predicted values of a set of RMLs generated by
the swapping method with S increasing from 0 (GML) to 50. The structural attributes and lattice thermal conductivity of 3400 multilayer structures
(1700 of them are randomly generated RMLs, and the other 1700 are their corresponding GMLs) are used for training the ML model. Different
combinations of parameters are used as the features for the ML model. Specifically, (a) sequence; (b) sequence, Rd, δ, Rp, Δdmax, and Δdmin; (c)
sequence, Rd, δ, and Rp; and (d) Rd, δ, and Rp are used for training the model.
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sufficient feature for an ML model to predict the κL of RMLs
with different arrangements but the same thickness distribu-
tion. The ML model is observed to predict the κL of ∼80%
structures with an error percentage of less than 15%. If the
sequence is assisted with other parameters like Rd, δ, Rp, Δdmax,
or Δdmin, then the accuracy does not seem to improve (Figure
5b,c). More interestingly, the disorder parameters identified by
us (Rd, δ, and Rp) are found to be self-sufficient features for an
ML to predict the decreasing trend of κL with reasonable
accuracy (Figure 5d). This indeed provides a more efficient
approach than using the thickness sequence as the feature.
Specifically, the thickness sequence has 2 × N (64 for our
study) elements, which makes the training and testing process
slow. On the other hand, Rd, Rp, δ, Δdmax, and Δdmin compress
the structural information of an RML, so the ML model will
deal with less elements and therefore performs faster. Thus, we
would claim that we have identified a few key parameters (Rd,
Rp, δ, Δdmax, and Δdmin) that are important for an ML model
to effectively predict the κL of RMLs with different arrange-
ment of thickness and the same thickness distribution.
So far, we have used the data from the swapping method for

both training and testing the ML model. To make our model
more generic, we change our training samples to increase the
difficulty level of the ML model for predicting κL. In particular,
we train the ML model with the features κL data of 3400 sets of
multilayer structures (1700 of them are RMLs, and the other
1700 are their corresponding GMLs) with random thickness
distribution. Then, we use this model to predict the κL of the
testing structures in Section 3.3 and Figure 5. The results are
presented in Figure 6 alongside the actual MD values.
From Figure 6a, we can conclude that the thickness

sequence alone is not a sufficient feature to predict the κL of

RMLs with reasonable quantitative accuracy, at least in the
high κL regime. In other words, the sequence does not appear
to be a sufficient feature to predict the κL of RMLs with
different thickness distributions. However, the identified
disorder parameters (Rd, δ, and Rp) can aid the prediction
once they are used as features along with the thickness
sequence, as shown in Figure 6b,c. It is worth noting that the
identified disorder parameters themselves seem to be sufficient
to distinguish the κL of different arrangements of RML for a
given thickness distribution (Figure 6d). Even though the ML-
predicted κL smears out to be a constant value after a certain
number of swaps, these disorder parameters would be
sufficient to predict the general decreasing trend of κL and
help screen out the RMLs with high κL. All in all, we conclude
that the sequence, R, δ, and Rp are crucial features to obtain an
accurate prediction of κL of RMLs with uncontrolled thickness
distribution from an ML model.
Finally, to make the ML model more general, we train it

with the features κL data of 3200 randomly generated
multilayer structures (1600 are RMLs, and the other 1600
are their corresponding GMLs) and predict the κL of another
200 randomly generated multilayers (100 are RMLs, and the
other 100 are their corresponding GMLs). The ML-predicted
κL for the 200 structures are displayed in Figure 7. Evidently,
the ML model can distinguish between the κL of GMLs and
the corresponding RMLs for all of the feature vectors
considered in our study. From Figure 7a−c, we can conclude
that thickness sequence Rd, δ, Rp, Δdmax, and Δdmin are all
indeed very important (if not the only) features to predict the
κL of RMLs. However, the thickness sequence plays the most
important role in an ML model to distinguish among
multilayer structures. If we just use Rd, δ, and Rp as the

Figure 7. Machine learning prediction of lattice thermal conductivity of 200 multilayer structures (100 of them are randomly generated RMLs, and
the other 100 are their corresponding GMLs) for different combination of features: (a) sequence, (b) sequence, Rd, δ, Rp, Δdmax, and Δdmin; (c)
sequence, Rd, δ, and Rp; and (d) Rd, δ, and Rp. To aid the visualization, we represent the GMLs with sample numbers 1−100, and we represent the
corresponding RMLs with sample numbers 101−200. Moreover, the data points are arranged in order of decreasing actual (MD) thermal
conductivity along the horizontal axis for a better visualization of the data. The features, used for training and testing, in the ML model are provided
in each plot just below the legend. The structural attributes and thermal conductivity of 3200 multilayer structures (1600 of them are RMLs, and
the other 1600 are their corresponding GMLs) are used for training the ML model.
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features, then the ML model can still distinguish between the
GMLs and RMLs (Figure 7d). However, ML predicts almost
the same κL for different GMLs (or RMLS).
In conclusion, the thickness sequence is a crucial feature for

an ML model to predict the κL of RMLs accurately, especially
when they have various thickness distributions. Moreover, the
identified disorder parameters assist in obtaining a better
prediction. However, we note that, even though ML can help
us predict κL, it cannot reveal the underlying physics, at least
not explicitly. Considering the high computational cost of MD
simulations, ML can be a very powerful tool for estimating the
κL of numerous structures using limited simulation results (for
training the ML model), which could be very useful for high-
throughput screening of the layer thickness distribution and
arrangement to obtain the lowest κL.

4. CONCLUSIONS
We have identified more effective parameters than conven-
tional ones to quantify the disorder in the layer thicknesses of
random multilayer (RML) structures, and we were able to
correlate these parameters with the lattice thermal conductivity
of RMLs successfully. Moreover, we have shown that machine
learning can be an effective tool for screening for the optimal
thickness distribution and thickness arrangement. We have
revealed that thickness-based index of randomization (eq 5),
period-based index of randomization (eq 6), and the standard
deviation (eq 7) are essential features for a machine learning
model to predict the lattice thermal conductivity of RMLs
more accurately and more efficiently. The thickness sequence
can also perform well as a feature if the number of training data
is high. This work will be important for the development of
multilayer structures with ultralow thermal conductivity and
the search for structures with strong phonon Anderson
localization, which is a burgeoning research field.22,30,33,41−43
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