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Despite the fact the alloys of wurtzite AlN, GaN, and InN are widely used in electronics, the

studies on their thermal conductivities (j) are inadequate, and the intrinsic limits are still unknown.

In this work, the intrinsic j of alloys and their films are calculated from first-principles within the

virtual crystal treatment. The j of alloys are strongly suppressed even by a small amount of alloy-

ing. For instance, with only 1% alloying of Al or In, j of GaN decreases about 60%. At relatively

high alloying, with concentration between 0.2 and 0.8, the j of alloys are not significantly changed.

At room temperature, the minimal a-axis j are about 18, 22, and 8 W m�1 K�1, while the minimal

c-axis j are about 22, 27, and 10 W m�1 K�1 for AlxGa1�xN, InxGa1�xN, and InxAl1�xN, respec-

tively. The size effect in films can persist up to a few tens of micrometers, and j can be reduced by

half in about 100 nm thick films. VC 2016 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4944809]

I. INTRODUCTION

The alloys of wurtzite AlN, GaN, and InN have been

widely used in electronic and optoelectronic devices, such as

transistors,1–3 light emitting diodes,4–6 laser diodes,7–9 and

solar cells.10–12 In these applications, the thermal conductiv-

ities (j) of these alloys play an important role in the effi-

ciency of heat dissipation, which is crucial for the device

performance and reliability. The j of AlxGa1�xN films,13–15

InxGa1�xN films,16–18 and InxAl1�xN films19,20 have been

experimentally measured, showing strong dependence of j
on the sample qualities. Therefore, the intrinsic limits of j in

clean and bulk alloys are still unknown. Ab initio calcula-

tions have demonstrated high accuracy in predicting j for

clean systems.21–24 For instance, we found that j of bulk InN

can reach as high as 130–150 W m�1 K�1, in line with the

latest measured value of 120 W m�1 K�1 on high-quality InN

films,25 which is almost three times larger than the first

reported value26 of 45 W m�1 K�1.

In this work, the intrinsic j of bulk AlxGa1�xN, InxGa1�xN,

and InxAl1�xN and their films are studied with the first-

principles calculation combined with the virtual crystal

method.27–29 The alloying and size effect on thermal trans-

port are investigated. Because of the large atomic mass

difference between cations, j of these alloys are greatly

decreased due to the strong mass disorder. The size effect is

stronger for the alloys than for pure compounds in thick

samples; however, it is weaker in alloys than in pure com-

pounds in thin samples. The size effect in films can persist

up to a few tens of micrometers, and j can be reduced by

half in about 100 nm thick films.

II. METHODOLOGY

The thermal conductivity can be obtained by solving the

phonon Boltzmann transport equation (BTE). At temperature

T, it can be written as30

jab ¼ 1

kBT2NV

X
k

�hxkð Þ2f 0
k 1þ f 0

k

� �
va
kFb

k ; (1)

where kB is the Boltzmann constant and �h is the reduced

Planck constant. k denotes a phonon mode specified by wave

vector q and branch index p. N is the number of q meshes of

the Brillouin zone, and V is the volume of the unit cell. a and

b are the Cartesian directions. xk is the angular frequency,

vk is the group velocity, and f 0
k is the Bose-Einstein distribu-

tion function. Fb
k is the b component of the mean free dis-

placement Fk, which can be obtained from the phonon

BTE.30

To calculate the intrinsic j of alloys, the alloy scattering

is required in addition to the three-phonon scattering and natu-

ral isotope scattering.30 Here, the frequently used virtual crys-

tal model is adopted to calculate the alloy scattering.27–29 In

the virtual crystal assumption, the alloy is assumed to have a

similar crystal structure of its constituent compounds, with

averaged lattice parameters, atomic masses, and interatomic

force constants (IFCs) based on the constituent concentration.

Moreover, the alloy scattering probability is assumed to domi-

nantly result from the mass disorder and is then calculated in

the same way as isotope scattering27–29

Ckk0 ¼
px2

2

X
i2u:c:

g ið Þje�k ið Þ � ek0 ið Þj2d xk � xk0ð Þ; (2)

where gðiÞ ¼
P

s fsðiÞ½1�MsðiÞ= �MðiÞ�2 is the mass variance

with fs(i) and Ms(i) being the concentration and mass of the
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sth constituent atom, and �MðiÞ being the average mass of the

ith atom in the unit cell. ek(i) is the eigenvector of the mode

k at the ith atom, while the asterisk denotes the complex con-

jugate. The d function ensures the energy conservation.30

In the case of thin film, the phonon BTE becomes space

dependent31 and needs to be solved under specific boundary

condition, which usually refers to diffusive boundary condi-

tion. Conventionally, Matthiessen’s rule is used to combine

boundary scattering and other scatterings in a simple way,32

which has been proven inaccurate in two-dimension rib-

bons.33 Under relaxation time approximation (RTA),31,32

namely, FRTA
k ¼ vksk with sk being the relaxation time for

bulk, analytical solution of the space-dependent BTE exists

under diffusive boundary condition. For in-plane transport in

films, the averaged space-dependent relaxation time can be

analytically obtained as30–32

�sk ¼
sk

L

ðL

0

1� e�j L�lð Þ=skvz
kj

� �
dl;

¼ sk 1� jskvz
kj

L
1� e�L=jskvz

kjð Þ
� �

; (3)

where z denotes the transport direction, and L is the film

thickness. The thickness direction is taken as c-axis of the

wurtzite structure in the calculations performed in this work.

j of thin film can be then obtained with Fk ¼ vk�sk in Eq. (1).

We use the same IFCs for AlN and InN as in our previ-

ous works,23,25 and the IFCs calculations for GaN follow the

same methodology. The calculations of the IFCs are per-

formed using VASP34 with local density approximation

(LDA)35 and projector augmented wave (PAW) pseudopo-

tentials.36 The Phonopy package37 is used to extract the har-

monic IFCs, and the ShengBTE package30 is used to obtain

the third-order anharmonic IFCs and solve the BTE.

III. RESULTS AND DISCUSSION

Wurtzite AlN and InN have already been studied with

the same IFCs in the previous works.23,25 However, the pho-

non dispersion of wurtzite AlN was not shown in Ref. 23.

For completeness, it is given in Fig. 1(a), where excellent

agreement with the experiment38 can be seen.

The relaxed lattice constants of wurtzite GaN are

a¼ 3.158 Å and c¼ 5.148 Å, slightly smaller than the experi-

mental values,39 aexp¼ 3.190 Å and cexp¼ 5.189 Å. The cal-

culated phonon dispersion, as plotted in Fig. 1(b), agrees

well with the measurements.40,41 Figure 2(a) shows the

a-axis and c-axis j of naturally occurring wurtzite GaN, with

isotope concentration as 60.1% 69Ga and 39.9% 71Ga for gal-

lium and 99.6% 14N and 0.4% 15N for nitrogen, where the

calculated a-axis j are in good agreement with the measured

values along a-axis.42 At room temperature, the calculated

a-axis and c-axis j are 244 W m�1 K�1 and 279 W m�1 K�1,

respectively, giving an anisotropy of about 14%. As temper-

ature increases from 150 K to 500 K, the anisotropy reduces

monotonically from 23% to 13%, revealing that the anisot-

ropy of wurtzite GaN cannot be neglected, especially at low

temperatures. This is in contrast to the work by Lindsay

et al., which shows almost isotropic thermal conductivities.43

As we revealed in Ref. 25, the anisotropy of j derives

from the anisotropy of the mode-averaged group velocity

squared, though the group velocities along a-axis and c-axes

are almost the same. The averaged square of velocity can be

calculated with v2
x;a ¼

P
k v2

k;adðx� xkÞ=
P

k dðx� xkÞ.
Figure 2(b) shows the v2

x along the a-axis and c-axis direc-

tions of GaN. At low-frequency limit, the constant v2
x are

about 7.30 and 9.17 (�103 m/s)2 for a-axis and c-axis direc-

tions, respectively, showing an anisotropy of about 26%.

Even at 500 K, more than 95% of j are contributed from

phonons below 50 THz, as revealed from Fig. 2(c), which

then dominate the anisotropy of j. As shown in Fig. 2(b), the

anisotropy at intermediate frequencies is smaller than that

at low frequencies. As a consequence, the anisotropy of j
increases with decreasing temperature, due to increased con-

tribution from low-frequency phonons. The large anisotropy

at low frequencies mainly comes from the high-transverse

acoustic (TA2) phonons rather than the low-transverse

acoustic (TA1) and longitudinal acoustic (LA) modes, as

revealed in the inset of Fig. 2(b). The low-frequency limits

of a-axis and c-axis v2
x are about 5.41 vs 5.32 (�103 m/s)2

for TA1, 7.53 vs 12.65 (�103 m/s)2 for TA2, and 18.39 vs

19.00 (�103 m/s)2 for LA, with an anisotropy of about 2%,

68%, and 3%, respectively.

FIG. 1. Calculated phonon dispersions along several high-symmetry direc-

tions for (a) AlN and (b) GaN. The circles in (a) correspond to X-ray scatter-

ing measurements.38 The circles and squares in (b) correspond to X-ray

scatting40 and Raman measurements,41 respectively.
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For alloys, the dependence of intrinsic j on alloying

concentration is investigated, as shown in Fig. 3. It is found

that j of alloys decrease significantly even with a small

amount of alloying. For instance, the a-axis and c-axis j of

Al0.01Ga0.99N are 99 and 118 W m�1 K�1, respectively, about

60% and 58% decrease compared with GaN. While for

In0.01Ga0.99N, the a-axis and c-axis j are 95 and 115 W m�1

K�1, respectively, about 61% and 59% lower than those of

GaN. Actually at such slight alloying, the phonon frequency,

group velocity, and anharmonic scattering are almost not

affected. The reduction of j mainly comes from the alloy

scattering due to large mass disorder between the cations.

When the alloying concentration varies between 0.2 and 0.8,

the reduction of j does not change significantly, being con-

sistent with SixGe1�x alloy,27,44,45 PbSexTe1�x alloy,28 and

Mg2SixSn1�x alloy.29 The minimal a-axis j and c-axis j
are about 18 and 22 W m�1 K�1 for AlxGa1�xN, 22 and

27 W m�1 K�1 for InxGa1�xN, and 8 and 10 W m�1 K�1 for

InxAl1�xN, respectively. The anisotropy of alloys then

exceeds 20%, larger than that of pure compounds. This stems

from the weaker suppression due to alloy effect on low-

frequency phonons, which have larger anisotropy than high-

frequency phonons. In Fig. 3, the experimental values are

also plotted for comparison. It can be seen that the calculated

intrinsic j are generally larger than the experiments. This is

reasonable as the experimental values are often obtained

from thin films with a thickness less than 1 lm.14,16,18–20

Therefore, the boundary scattering also plays a role in these

samples. We also calculate j of films with a thickness

of 200 nm and 10 nm. The calculated j of films can only

FIG. 2. (a) Calculated a-axis and c-axis thermal conductivities of GaN, in

comparison with a-axis experimental data measured for a sample with a

thickness of 200 lm.42 (b) The averaged square of phonon velocities in GaN

along a-axis and c-axis directions. The inset shows the a-axis (solid line)

and c-axis (dashed line) values of low-frequency TA1, TA2, and LA pho-

nons, respectively. (c) Normalized cumulative thermal conductivities of

GaN vs angular frequency at 500 K.

FIG. 3. The calculated a-axis and c-axis thermal conductivities at room tem-

perature vs alloy concentration for (a) AlxGa1�xN, (b) InxGa1�xN, and (c)

InxAl1�xN. The dotted lines are calculated a-axis thermal conductivities for

10 nm-thick and 200 nm-thick films, respectively. In (a), the circles are

measurements of thin films13 and the squares are experimental data for thick

films with thickness of 0.3–0.7 lm.15 In (b), the circles, squares, and trian-

gles are experimental measurements of films with thickness of

147–4600 nm,18 81–190 nm,17 and �110 nm,16 respectively. In (c), the circle

is measured data for �200 nm-thick film19 and the square is measured data

also for �200 nm-thick film.20
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coincide with some of the experiments but have apparent dif-

ference with the others. The discrepancy can be expected due

to the unconsidered sample-dependent scatterings, such as

impurities17 or dislocations,13 and the compositional inhomo-

geneities effect especially at heavy alloying.18 The calculated

results represent the upper limits of thermal conductivities in

clean samples.

In order to have a quantitative understanding of the

size effect, the normalized a-axis j of GaN and In0.5Ga0.5N

as a function of the film thickness are plotted in Fig. 4 for

room temperature. The calculation reveals that the size

effect can persist up to a few tens of micrometers. The size

effect is related to the mean free paths (MFPs) distribution,

which can be reflected in the normalized cumulative j vs

MFPs22,29,30 (also plotted in Fig. 4). It can be seen that the

MFPs of heat-conductive phonons in GaN mainly range

between 10 nm and 10 lm, which accounts for about 95%

thermal conductivity. As the alloy effect has stronger influ-

ence on high-frequency phonons with small MFPs than

low-frequency phonons with large MFPs, the relative con-

tribution from large MFPs in alloys is increased as com-

pared with its constituent compounds. Since boundary

suppresses the contribution of phonons with MFPs larger

than or similar to boundary size, the size effect is stronger

in alloys than in pure compounds in thick samples. On the

other hand, there are more phonon modes with MFPs

smaller than a given short MFP in alloys, resulting in a

larger fraction of heat conducted by modes with short

MFPs.29 As a consequence, the normalized cumulative j
curve of In0.5Ga0.5N crosses with that of GaN at intermedi-

ate MFPs. Correspondingly, their normalized j vs thickness

curves also cross. Unlike in Si,22 Mg2Si, and Mg2Sn nano-

wires,29 j of films agree with the cumulative j with respect

to MFPs only qualitatively but not quantitatively. The

boundary scattering in films is weaker than that in nano-

wires with a diameter equal to the film thickness. The cu-

mulative j vs MFPs function overestimates the size effect

in films. Further calculations show that both the normalized

j vs thickness and the normalized cumulative j vs MFPs

for AlN, InN, and other alloys are quite similar to those for

GaN and In0.5Ga0.5N.

IV. CONCLUSION

We have predicted evident anisotropy in thermal conduc-

tivities at room temperature of wurtzite GaN, with 244 and

279 W m�1 K�1 along the a-axis and c-axis, respectively, and

the anisotropy is caused mainly by the high-transverse acous-

tic phonons. We have also studied the thermal conductivities

of AlxGa1�xN, InxGa1�xN, and InxAl1�xN alloys. It is found

that a small amount of alloying can reduce the thermal con-

ductivities of AlN, GaN, and InN significantly, but the thermal

conductivities remain almost unaffected when the alloying

concentration varies between 0.2 and 0.8. The size effect can

persist up to a few tens of micrometers, and thermal conduc-

tivity can be reduced by half in about 100 nm thick films. Due

to increased relative contribution from large mean-free-path

phonons in alloys, the size effect is stronger in alloys than in

pure compounds in thick samples; however, it is weaker in

alloys than in pure compounds in thin samples.
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