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Lattice heat conduction can be modulated via nanostructure interfaces. Although advances have been
made by viewing phonons as particles, the controllability should be enhanced by fully utilizing their wave
nature. By considering phonons as coherent waves, herein we design an optimized aperiodic superlattice
that minimizes the coherent phonon heat conduction by alternatingly coupling coherent phonon transport
calculations and machine learning. The thermal conductivity of the fabricated aperiodic superlattice agrees
well with the calculations over a temperature range of 77–300 K, indicating that complex aperiodic wave
interference of coherent phonons can be controlled. The thermal conductivity of the aperiodic superlattice
is significantly smaller than the conventional periodic superlattice due to enhanced phonon localization.
The optimized aperiodic structure is formed by connecting weakly correlated local structures that introduce
interference over broad phonon frequencies. Controlling coherent phonons by aperiodic interferences
opens a new route for phonon engineering.
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I. INTRODUCTION

The lattice thermal conductivity, particularly in semi-
conductors and insulators, has been a key thermophysical
property that determines the usability and functionality of
materials in various applications such as thermal manage-
ment, thermal barriers, and thermoelectrics [1]. Over the
past few decades, phonon transport in nanostructured
materials has drawn increasing attention because introduc-
ing interfaces and nanoparticles inside one-, two-, and
three-dimensional systems enhances the viability of form-
ing artificial nanostructures [2–6].

Thermal phonons, when scattered by nanostructures, are
usually considered as incoherent particles due to their
relatively small wavelengths. Nanostructures thus diffusely
scatter thermal phonons, which give rise to a reduction in
the lattice thermal conductivity. A statistical description is
frequently adopted to evaluate the transport of such
incoherent particles. Often the Boltzmann transport equa-
tion is used to obtain the size-, mode-, and frequency-
dependent thermal conductivity characteristics [7–9]. In
contrast, in this decade, coherent phonon waves have
recaptured attention when the experimental lattice thermal
conductivities are much lower than the predicted particle-
based models in superlattices and nanomeshes by consid-
ering the wave-particle duality of phonons [6,10–12]. The
mechanism is proposed by resorting to the phonon wave
interference effect, which leads to the formation of pho-
nonic forbidden band gaps and a reduction in group
velocities [13]. Including other approaches such as using
the local resonance of phonon waves [14–20], the control
of phonon waves, supplementing the advance in the control
of phonon particles, should enhance the degree of freedom
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and flexible availability in the manipulation of phonon
transport. This will advance the exploration to minimize the
lattice thermal conductivity, which is of particular use for
thermal barriers and thermoelectrics.
However, experimental observations and manipulations

of phonon wave transport by nanostructures (i.e., control-
ling the coherent effect) are challenging because typical
wavelengths of thermal phonons at room temperature are
only a few nanometers and phonons lose their phase
information (coherence) relatively easily due to scattering.
Silicon thin films with periodic ∼100-nm-diameter holes
have been a popular system to investigate the coherent
effect, but the temperature must be below 10 K for the
effect to influence thermal conductivity [6].
There are two conditions in which the coherent effect is

manifested. One is that the interface of the nanostructure
needs to be so smooth that phonons preserve the coherence
after being scattered at the interfaces. The other is that
interface scattering dominates the dephasing mechanism
such as inelastic phonon-phonon scattering in the interior.
To this end, a suitable platform to experimentally study the
phonon coherence effect is superlattices (SLs), which can
be synthesized with nanometer layers and coherently
bonded interfaces. To date, SLs have been used to reveal
various aspects like phonon localization and particle-wave
crossover [14–16]. In a study on gallium arsenide (GaAs)/
aluminum arsenide (AlAs) SLs, the measured dependence
of thermal conductivity on layer thicknesses agrees with
that of the fully coherent phonon transport calculations
based on first-principles interatomic force constants, sug-
gesting the manifestation of the coherent effect [14].
Theories on SLs have predicted coherent phonon heat

conduction tunability far greater than what has yet to be
achieved experimentally by varying the period number and
thickness [21–23], interface density [24], interfacial dis-
order and roughness [25,26], mass mismatch [27], and
chemical bonds [27]. The large parameter sensitivity gained
by the coherent effect suggests structure optimization is
possible. However, the degrees of freedom in such an
optimization problem would be enormous. For example,
simply considering a SL structure with two kinds of
materials A and B, and stacking N layers that are either
A or B results in as many as 2N kinds of SL structures.
Searching for a specific structure such as that with the
minimum thermal conductivity among the numerous can-
didates is like looking for a needle in a haystack. Because
the enumeration approach is not realistic, an alternative
feasible solution is necessary.
Machine-learning-based material informatics (MI) has

emerged as the fourth paradigm of material science, follow-
ing the empirical, theoretical, and computational eras for
material development. MI applies the principles of data-
driven informatics to materials science to unify the previous
three paradigms in an effort to better understand and
manipulate the use, selection, manufacturing, qualification,

and discovery of materials [28–30]. MI has recently been
demonstrated to be useful in various applications with
different target physical properties such as steel fatigue
prediction [31], stable compound discovery [32], micro-
structure optimization [33], crystal symmetry to function-
ality selection [34], and metal-insulator classification [35].
In the field of thermal transport, early works have

adopted the concept of high-throughput screening to search
for low thermal conductivity compounds from structural
databases [36]. More recently, the optimization method has
been developed to design nanostructures for a given
objective [37]. MI has been proven efficient to identify
the optimized structure by calculating only a small per-
centage of the total candidates. It has been also shown that
the method can optimize the balance between multiple
properties that are usually in antagonistic relationships
(e.g., thermal and electrical conduction in thermoelectrics)
[38]. The important finding to date from these theoretical
works in the context of coherent phonon heat conduction is
that the largest reduction of heat conduction is realized by
aperiodic SLs instead of periodic SLs used in most of the
experimental studies thus far [14,15].
Therefore, a large and nontrivial step to advance heat

conduction control is to experimentally and quantitatively
demonstrate superior controllability of coherent phonon
heat conduction by aperiodic SLs. In this study, we identify
the globally optimal aperiodic structure of GaAs/AlAs SLs
from 65 536 candidates to minimize thermal conductivity
by manipulating coherent phonon transport and taking
advantage of MI that couples Bayesian optimization and
first-principles-based atomistic Green’s function (FP AGF)
calculations. The designed optimal structures are sub-
sequently fabricated by molecular beam epitaxy (MBE)
and thermal conductivity is measured by time-domain
thermoreflectance (TDTR) technique at temperatures rang-
ing from 77 to 300 K. Through these efforts, we demon-
strate the ultimate controllability of coherent phonon heat
conduction by aperiodic SL, which opens a new route for
phonon engineering. Furthermore, the mechanism of the
controllability is explained in terms of phonon localization
and interference.

II. METHODOLOGY

A. First-principles calculation

As the first step, we obtain the interatomic force
constants (IFCs) for the pure GaAs and AlAs crystals.
The IFCs are defined as the Taylor expansion coefficients
of the force with respect to atomic displacements around
equilibrium configurations, as

Fi;α ¼ −Πi;α −
X
j;β

Φαβ
ij uj;β − 1

2

X
jk;βγ

Ψαβγ
ijk uj;βuk;γ ; ð1Þ

where Φαβ
ij and Ψαβγ

ijk are second- and third-order IFCs,
respectively, the subscripts (i, j, k) are the atom indices, and
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the superscripts (α, β, γ) are the Cartesian components. The
Quantum ESPRESSO package is used to run the density
functional theory calculation. Both GaAs and AlAs crystals
share the same zinc blende fcc structure with a slight
difference in lattice constants: a ¼ b ¼ c ¼ 5.6123 Å for
GaAs and a ¼ b ¼ c ¼ 5.633 Å for AlAs. Supercells with
2 × 2 × 2, 2 × 2 × 4, and 2 × 2 × 8 of the fully relaxed
conventional unit cells (UCs) of GaAs and AlAs, which
correspond to 64, 128, and 256 atoms, are used. The 4 ×
4 × 4 Monkhorst-Pack k-point mesh is used to sample the
electronic states in the first Brillouin zone, and an energy
cutoff of 80 Ryd is used for the plane-wave expansion. The
Perdew-Zunger local density approximation projector aug-
mented-wave potentials for the Ga, Al, and As atoms are
used to describe the exchange correlation. The correspond-
ing IFCs are obtained by displacing the selected atoms by
�0.01 Å using the ALAMODE package [9]. The force-
displacement data are fitted according to Eq. (1) with
the symmetry properties and translational-rotational invari-
ance conditions by a singular value decomposition algo-
rithm to extract the second- and third-order IFCs for pure
crystal atoms. As for the IFCs of the GaAs/AlAs interfacial
atoms, we prepare the same supercells as above, but replace
the Ga atoms with Al atoms in the half of the conventional
cells. The supercells consist of 8, 16, and 32 monolayers
(MLs), respectively, and are about 1.1, 2.2, and 4.5 nm long
in the z direction. Following the same procedure, IFCs for
the interfacial atoms are obtained based on the fully relaxed
conventional unit cells. The convergence tests on phonon
dispersions and IFCs can be accessed in the Supplemental
Material [39].

B. Atomistic Green’s function calculation

In the AGF calculation, a device (or channel) region is
sandwiched by two semi-infinite leads. The Green’s func-
tionG is written asGðωÞ ¼ ½ω2I −Hd − Σ1 − Σ2�−1 where
ω is the phonon frequency and Hd is the IFC matrix in the
device region. Σ1 and Σ2 are the contact self-energies,
which can be obtained from the surface Green’s functions
g1 and g2 as Σ1 ¼ τ1g1τ

†
1 and Σ2 ¼ τ2g2τ

†
2, with τ1 and τ2

being the IFC matrices for the interaction between the
atoms in the device region and the two leads. The phonon
transmission function across the device is obtained from the
Caroli formula as ΞðωÞ ¼ TrðΓ1GrΓ2GaÞ, where Γ1;2 ¼
i½Σr

1;2 − Σa
1;2� are the level broadening matrices to denote

the rate at which phonons enter and exit the leads. Gr and
Ga are the retarded and advanced Green’s functions of the
scattering region. In the calculations, the periodic boundary
conditions are applied in the transverse directions and the
Caroli formula can be calculated for full phonon spectrum
including short- and long-wavelength phonons. The
Landauer formula is used to compute the heat current
flowing through the device with two fixed thermostats TL
and TR at the two ends, yielding [37]

J ¼ 1

2π

Z
ℏω½fLðω; TLÞ − fRðω; TRÞ�ΞðωÞdω; ð2Þ

where fL and fR are the Bose-Einstein distributions of
phonons. Considering the limit of small temperature differ-
ence TL − TR between the two leads, the cross-plane
thermal conductance of the device is

GðTÞ ¼ ℏ2

2πkBT2S

Z
ω2ΞðωÞ eℏω=kBT

ðeℏω=kBT − 1Þ2 dω ; ð3Þ

where T ¼ ðTL þ TRÞ=2, and kB and S are the Boltzmann
constant and the cross-sectional area, respectively.
The AGF only considers the second-order harmonic

interatomic force, and thus, only accounts for the elastic
phonon scattering to calculate the coherent thermal con-
ductance. Thermal conductivity, on the other hand, is a
property that is defined for diffusive transport through
Fourier’s law. However, as have been widely done for
ballistic heat conduction, we convert the thermal conduct-
ance to effective thermal conductivity as κðTÞ ¼ GðTÞ × L,
where L is the total length of the superlattice. This allows
us to compare the thermal conductivity directly with the
thermal conductivity measured in the experiments, which
is also an effective one. Note that the effective thermal
conductivity here can vary with the size (classical size
effect) because the transport is ballistic, but that is the same
in the measurements. The convergence of thermal con-
ductance on the supercell size is checked by performing the
AGF calculations for 2 × 2 × 2, 2 × 2 × 4, and 2 × 2 × 8
supercells with one GaAs/AlAs interface, and the corre-
sponding values of the thermal conductance are 187.69,
188.35, and 185.65 MW=ðm2 KÞ, respectively. This is
consistent with the size convergence of IFCs described
in the Supplemental Material [39].

C. Machine-learning-based optimization

As shown in Fig. 1, we first prepare the candidate pool
with all possible structures by labeling the GaAs unit layer
(UL) as 0 and the AlAs UL as 1. If the total number of the
SL UL is N, there will be 2N kinds of candidate structures
in the pool. Here, we discretized the GaAs/AlAs super-
lattice film with a fixed thickness of 16 ULs, where each
unit is either GaAs or AlAs, to express the structural
variations of the SLs. This gives rise to 216 (¼65 536)
possible candidate structures. The SL structure is sand-
wiched by two semi-infinite GaAs leads to allow thermal
transport. For different UL sizes, the corresponding IFCs
are obtained by the first-principles calculation in advance.
Then we randomly select m candidates as the initial SL
structures and calculate the corresponding thermal con-
ductivities. For each candidate structure, we construct the
dynamical matrix for the 16-UL SL structure by calling for
the corresponding IFCs and mass matrices. Then by
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substituting the dynamical matrix into the FP AGF calcu-
lation, the corresponding thermal conductivity of each
16-UL SL candidate structure is obtained.
As for the MI implementation, we employ the open-

source Bayesian optimization library COMBO to perform the
machine-learning-based optimization process [40]. Taking
the m initial structures as the original training data set, we
employ Thompson sampling to predict the next n candidate
structures from the candidate pool according to the prob-
ability of being optimal. The prediction model used is the
Bayesian linear regression model as y ¼ wTχðxÞ þ ς,
where x is N-dimensional vector corresponding to a
candidate structure, χ∶ℜN → ℜl is a feature map, w ∈
ℜlis a weight vector, and ς is the noise with normal
distribution Nð0; σ2Þ. How to randomly select m initial
candidates is also important and the rule here is to make
sure the inner product χðxÞTχðx0Þ approximates the
Gaussian kernel of width η, i.e., exp½−kx − x0k2=ð2η2Þ�.
The performance of COMBO is determined by the hyper-
parameters σ and η. Before optimization, the hyperpara-
meters are initialized according to a heuristic procedure.
At every round of Bayesian optimization, n candidates
are added to update the original basic training data set.
By maximizing the type-II likelihood with ADAM algo-
rithm, we can obtain the updated hyperparameters at
every round to accelerate the search for the optimal one.
More details on the COMBO optimization can be found
elsewhere [37,38,40].

D. Sample fabrication

The samples used in this study are grown on (100)-
oriented semi-insulating GaAs substrates by MBE. The

reference sample is prepared by growing three sets of AlAs/
GaAs alternating layers (4.5=4.49=4.5=4.49=4.5=4.49=
4.5=4.49=4.5=4.49=4.5=4.49=4.5=4.49=4.5=4.49) (bold:
AlAs, plain: GaAs, unit: nm) successively on a 100-nm-
thick GaAs buffer layer. The surface is capped by 5-nm-
thick GaAs layer to avoid oxidation of the active region.
The optimized sample is prepared by growing three sets of
AlAs/GaAs alternating layers (4.5=4.49=9=4.49=9=4.49=
4.5=4.49=4.5=4.49=4.5=8.98=4.5) (bold: AlAs, plain: GaAs,
unit: nm) successively on a 100-nm-thick GaAs buffer layer.
Similarly, the surface is capped by 5 nm-thick GaAs layer.

E. Time-domain thermoreflectance measurements

The thermal conductivity of the SLs is measured using the
TDTR technique [41]. TDTR is an optical pump and probe
technique using Ti:sapphire femtosecond pulsed laser (rep-
utation rate 80.21MHz, pulsewidth 200 fs, thewavelength is
800 nm). The laser is split into a pump beam and a probe
beam by a beam splitter. The pump beam, whosewavelength
is changed to 400 nm by a BIBO, induces a pulsed temper-
ature change on the sample surface, after being modulated
with electro-optical modulator at a frequency of 11.05MHz.
On the other hand, the probe beam is reflected on the sample
surface after being delayed by mechanical stage, and the
variation of the reflected power is translated to the temper-
ature change on the sample surface through thermoreflec-
tance. A lock-in amplifier picks out the signal from reflected
probe beam at the modulation frequency, which consists of
in-phase voltage (V in) and out-of-phase voltage (Vout).
Thermal conductivity and interface thermal conductance
are obtained by fitting the solution of a theoretical physical
model to the measured ratio −V in=Vout. Details of the
analysis are described in previous publications [14,41].

FIG. 1. Flowchart of the optimal control for coherent phonon heat conduction. Structural optimization for minimum thermal
conductivity is achieved by alternately coupling Bayesian optimization and first-principles (FP) atomistic Green’s function (AGF)
calculation, fabrication by molecular beam epitaxy (MBE), and measurements by the time-domain thermoreflectance (TDTR) method.
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The 1=e2 diameter of the pump and the probe was fixed to
23.9 and 11.5 μm, respectively. Prior to measurement,
aluminum film (∼80 nm thick) was deposited on the sample
as a transducer for the TDTRmeasurement. The thickness of
the aluminum film was determined by simultaneously
performing the aluminum deposition on a glass substrate
with known thermal conductivity. Thermal conductivity here
includes the interfacial thermal conductance (resistance)
between the SL and the GaAs substrate, which is consistent
with the calculation, noting that the interface is the same as
the ones inside the SL.

III. RESULTS AND DISCUSSIONS

A. MI optimization

The optimization process, as shown in Fig. 1, begins by
randomly selecting 20 candidates and calculating their
thermal conductivity. The 20 pairs of descriptors and
thermal conductivity values serve as the initial training data
for a Bayesian regression function to estimate the predictive
distribution of thermal conductivity for all the remaining

candidates [40]. This provides 20 candidates that are
predicted to have small thermal conductivities. Next, their
thermal conductivity values are calculated and added to the
training data together with their descriptors. By repeating
this procedure, the calculation of thermal conductivity is
scheduled optimally, and the optimized structure can be
found quickly. Previous works have shown that repeating
this for only a small percentage of the entire population of
candidates is sufficient to find the optimal structure [37–40].
In this work, we calculate 1760 structures, merely 2.7% of
the total possible candidates to achieve the global optimal
structure (more details on the optimization are available in
the Supplemental Material [39]).
Performing the optimization with a two-UC-thick

UL gives the GaAs/AlAs SL structure with the smallest
thermal conductivity of 1001010101101101 downwardly.
Figure 2(a) shows this using the descriptors defined above as
labels. The optimal GaAs/AlAs SL is an aperiodic structure,
as previously found numerically for a silicon-germaniumSL
[37]. For additional comparisons between the calculated
and measured SLs, we expanded the UL four times to eight

FIG. 2. Designed and fabricated SL samples. (a) Schematics of the global optimal GaAs/AlAs SL structure obtained by materials
informatics (MI) from the candidate pool of 216ð¼ 65536Þ structures. Red and gray layers denote GaAs (0) and AlAs (1), respectively.
Binary label is 1001010101101101 from the top to bottom with GaAs leads on the two ends. (b) Schematic of the reference periodic
structure with a binary label of 0101010101010101. TEM images of the fabricated (c) optimal aperiodic and (d) reference periodic
GaAs/AlAs SL structures, corresponding to the schematics in (a) and (b), respectively. To magnify the thermal conductivity difference
between the optimal aperiodic and reference periodic structures, each structure is repeated for three times to obtain longer GaAs/AlAs
SL structures, as shown in (e) and (f), respectively. (g) Atomistic-resolution TEM to identify the monolayer interfacial roughness
denoted by the arrows.
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UCs (4.6 nm) to ensure that the UL thickness becomes
sufficiently larger than the monoatomic-layer interfacial
roughness, which inevitably appears in the fabricated SLs.
This is justified by the finding that the order of thermal
conductivity values among the candidates remains the same
as the UL thickness is changed from two to eight UCs (more
details on the convergence tests can be found in the
Supplemental Material [39]). Such self-similarity supports
that the optimal structure is also 1001010101101101 when
theUL is eight-UCs thick. The performance of the optimized
structure is demonstrated by comparing it with the finest-
periodic SL with the same thickness, which consists of
alternating GaAs and AlAs ULs. This gives the largest
number of interfaces [Fig. 2(b)]. The optimized aperiodic SL
exhibits a significantly smaller thermal conductivity
throughout the temperature range [Fig. 3(a), solid lines].
Since a periodic SL has more GaAs/AlAs interfaces, the
superiority of an aperiodic SL suggests successful engineer-
ing of coherent phonon heat conduction.

B. Experimental realization

The focus of this work is to experimentally demonstrate
the minimization of the coherent phonon heat conduction.
To this end, we fabricate aperiodic and periodic GaAs/AlAs
SLs on a GaAs substrate using MBE. The transmission
electron microscope (TEM) images of the 16-UL
optimized-aperiodic and periodic structures are shown in
Figs. 2(c) and 2(d), where the total thicknesses are 76.9 and
74.5 nm, respectively. Both the GaAs and AlAs UL are
about 4.5-nm thick. For a clearer demonstration of the
difference in thermal conductivity between the optimized
aperiodic SL and its periodic counterpart, we also fabri-
cated thicker samples by repeating the 16-UL structures for
three times. Figures 2(e) and 2(f) show the TEM images of
the resulting 48-UL structures. The actual total lengths of
the SL samples are 203.3 and 218.0 nm, respectively. To
further identify the atomic interface roughness, we perform
an atomistic-resolution TEM measurement as shown in
Fig. 2(g). For clarity, the contrast is magnified in the strip

FIG. 3. Thermal conductivity and phonon transmission characterization of 16-UL and 48-UL SL structures. Experimental and
calculated thermal conductivities of (a) the 16-UL and (b) 48-UL optimized aperiodic and periodic SL structures for a temperature range
from 50 to 300 K. Calculated thermal conductivity of the optimized aperiodic SLs (blue) is always smaller than that of the periodic SLs
(red) throughout the temperature range. Calculated thermal conductivity for rough interfaces (dashed line) is smaller than that for the
smooth interfaces (solid line) and is consistent with the experimental measurements (red circles for periodic SLs, blue squares for
optimized aperiodic SLs). Green dotted line in (b) denotes the calculated thermal conductivity of the exact structure of the fabricated 48-
UL-SL obtained by TEM. Corresponding phonon transmission functions for the (c) 16-UL and (d) 48-UL structures.
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region in the middle of the image. A sharp change in the
brightness can be seen at the GaAs/AlAs interface due to of
the brightness difference between the Ga sites and Al sites
with a monolayer in between exhibiting the intermediate
brightness denoted by the arrows. Such measurement
confirms that the fabricated superlattice has nearly perfect
interface with monolayer roughness. The thicknesses of the
fabricated samples slightly deviate from the design due to
the systematic error in the MBE deposition rate. Even with
this deviation, the superiority of the optimized structure is
evident, and it can be incorporated in thermal conductivity
calculations when comparing with experiments.
Thermal conductivity of the fabricated SL is measured

using the TDTR technique over a temperature range from
77 to 300 K. Figures 3(a) and 3(b) show the measured and
calculated values of thermal conductivity for 16-UL and
48-UL samples, respectively. Note that the thermal con-
ductivity of the 48-UL sample is higher than that of the
16-UL sample due to the size effect of the ballistic heat
conduction induced when the total thickness is smaller than
the phonon mean-free-path [14]. For both 16-UL and
48-UL samples, the thermal conductivity of the optimized
aperiodic samples is always lower than that of the periodic
samples.
To compare the calculations with experiments, we

incorporate the monolayer roughness at the interfaces in
the calculations by adopting a model of interdiffusion
between Ga and Al atoms. This is done by exchanging
50% of Ga and Al atoms in the atomic layers closest to the
interface. Among the unique combinations of choosing
four Ga (Al) atoms from eight Ga (Al) atoms in the
interface monolayers of 2 × 2 × 2 conventional UCs sys-
tem, following the strategy in the previous study [14], we
calculate the thermal conductivity of nine cases and
averaged them to obtain the value with rough interface.
As for the 48-UL structure, the total lengths of the SL

samples are 203.3 and 218.0 nm for the optimized
aperiodic and the periodic structures, respectively. It is
seen that there are missing atom layers in the optimized
aperiodic 48-UL structure. By the TEM observation, we
find that the fabricated aperiodic 48-UL structure is one
atom layer short in the thick AlAs layers (digits of “11”).
Therefore, we recalculate the thermal conductivity for the
actual structure. As shown in Fig. 3(b) (denoted by
optimized, rough, exact structures), the calculated thermal
conductivity of the actual structure agrees well with that of
experiment.
As in Figs. 3(a) and 3(b), by considering the interfacial

roughness, the thermal conductivities of the experiments
and calculations agree well for both the optimal aperiodic
and the finest periodic SLs. The thermal conductivity
slightly drops as temperature increases from 200 K, which
may be a sign that the inelastic phonon-phonon scattering
gradually becomes more important around 300 K. The
overall agreement validates the AGF calculations with the

IFCs based on first principles and more importantly
suggests that coherent phonon heat conduction is success-
fully manipulated in the fabricated SL samples. To under-
stand the superiority of the optimized structure from a
spectral viewpoint, Figs. 3(c) and 3(d) plot the phonon
transmission functions of the optimized aperiodic and
periodic structures, respectively. Overall, in both the
16-UL and 48-UL cases, the phonon transmissions of
the optimized aperiodic structures are lower than those
of the periodic structures in the entire frequency range,
except for the lowest frequency range, where the long-
wavelength phonons tunnel through the entire structure.
The cutoff frequency of the transmission function
(6.37 THz) corresponds to the highest overlapping fre-
quency of the bulk phonon density of states (DOS) of GaAs
and AlAs single crystals. The frequency range of optical
phonons in GaAs corresponds to the band gap of AlAs
(Supplemental Material, Fig. S1 [39]). Consequently, there
is no overlap for the optical phonons. Therefore, the two
peaks in the transmission function in Figs. 3(c) and 3(d)
correspond to the longitudinal and transverse acoustic
modes. The suppressed transmission function over a broad
frequency range suggests that thermal conductivity in the
optimized aperiodic structure is minimized not by engineer-
ing specific frequency bands but by more complex inter-
ference events involving a range of coherent phonons.

C. Phonon localization

To look into the mechanism, we perform phonon-
localization analysis. We calculate the localized density
of states (LDOS) from Green’s function as ρðri;ωÞ ¼
−ð1=πÞImGiiðωÞ and the DOS as ρðωÞ¼N−1P

iρðri;ωÞ
with subscript i standing for the atom site. Then the
frequency-dependent generalized inverse participation
ratio (IPR) can be obtained as IðωÞ ¼ P

i ρðri;ωÞ2=
½Pi ρðri;ωÞ�2, which provides a quantitative measure of
phonon localization [42,43]. An IPR value of 1 indicates
that phonons are totally localized, whereas the delocalized
phonons have an IPR value ∼1=Nm, where Nm is the total
number of atoms in the system. Figure 4(a) shows the
calculated IPR of both the optimized aperiodic and the
finest periodic SLs, where the yellow dashed lines denote
the IPR of a pure GaAs crystal. The results indicate that the
optimized aperiodic structure has a stronger localization
than the periodic one. The localization is strongest in the
optical phonon frequency range above 6.37 THz. However,
as discussed above, this does not contribute to the differ-
ence in the elastic heat conduction between the optimal
aperiodic and finest periodic structures.
Looking at the IPR below 6.37 THz [Fig. 4(b)], the

localization of the acoustic phonon is stronger in the
optimized aperiodic structure than that in the finest periodic
structure. Since the IPR only quantifies the magnitude of
phonon localization per mode, to relate it to the impact
on thermal conductivity, the number of modes must be
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FIG. 4. Phonon-localization analyses of the periodic and the optimized aperiodic structures. Comparison of the frequency-dependent
inverse participation ratios (IPR) IðωÞ of the two structures in the (a) full and (b) acoustic phonon frequency ranges. Blue-dashed square in
(a) denotes the acoustic phonon range and is magnified in (b). Yellow-dashed lines denote the IPR for pure GaAs crystals with a small and
uniform IPR. (c) Spectral DOS of the two structures in the full phonon frequency range. (d) Spectral weighted IPR in the acoustic phonon
frequency range. (e) Spectral thermal conductivity difference between that of the periodic structure and that of the optimized aperiodic
structure. (f) Spectral standard deviation of LDOS of the two structures in the acoustic phonon frequency range. (g) Projected LDOS
distribution on the y-z plane with only the acoustic phonons in the periodic and the optimized aperiodic structures. (h) Projected LDOS in
the y-z plane of the two structures at 2.30, 3.27, and 3.59 THz. (i) Strength of the phonon localization along the thickness direction (z axis)
of the two structures at 3.27 THz. Length of the ellipsoids denotes the averaged LDOS in the x, y, and z directions in each monolayer.

RUN HU et al. PHYS. REV. X 10, 021050 (2020)

021050-8



considered. Thus, we defined the weighted IPR as IWðωÞ ¼
DOSðωÞ × IðωÞ ¼ ð1=NÞ½Pi ρðri;ωÞ2=

P
i ρðri;ωÞ�. The

spectral DOS and IW are shown in Figs. 4(c) and 4(d),
respectively. Except for the peaks of the periodic structure
around 5.8 THz, there are distinctly more and stronger
peaks in the IW of the optimized aperiodic structure. This
indicates that the localization effect of acoustic phonons is
more significant. The IW profile of the optimized aperiodic
structure is similar to the difference between the spectral
thermal conductivities of the optimized aperiodic and
periodic structures plotted in Fig. 4(e), confirming that
the enhanced localization of acoustic phonons by the
aperiodicity is the primary cause of the reduced thermal
conductivity.
To gain a further understanding of the localized mode, we

associate the above results to LDOS. Note that the weighted
IPR is related to the magnitude of local variations in LDOS.
Hence, when calculating the standard deviation (SD,
ΔρðωÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hρðωÞ2ii − hρðωÞii2

p
) of LDOS at each fre-

quency, as shown in Fig. 4(f), a clear correlation can be
observed through the spectral thermal conductivity differ-
ence between the periodic and the optimized aperiodic
structures in Fig. 4(e). Then the total thermal conductivity
difference can be obtained by integrating the spectral
thermal conductivity, i.e., the shadow area, over frequency.
Note that the LDOS distribution can be efficiently computed
without an explicit diagonalization of theHamiltonian and is

robust even in the presence of interactions to describe the
localization properties [44]. The x-direction-accumulated
LDOS projection of only the acoustic phonons in the y-z
plane of the periodic and the optimized aperiodic structures
are shown in Fig. 4(g). The structure configurations can
clearly be observed. Phonons are localized in the AlAs
layers, more specifically, the As atoms in the AlAs layers,
while the phonons in the GaAs layers are uniformly
distributed. The distinct LDOS difference in As and Al
atoms leads to the phonon localization at the As atom in the
AlAs layer. This can be understood as the masses of the Ga
and As atoms are similar while that of the Al atom is almost
three times smaller, inhibiting the kinetic energy transfer
between the monolayers of Al and As atoms.
For the three typical peak frequencies of weighted IPR in

Fig. 4(d), the corresponding LDOS projections are shown
in Fig. 4(h). For each frequency, the phonons are localized
at different places in the optimized structure, while all
the phonons are delocalized in the periodic structure. For
the 3D visualization of phonon localization, we extract the
LDOS at 3.27 THz and draw ellipsoids, whose three axes
are determined by the LDOS of the x, y, and z components
along the SL thickness direction. The dimensions of the
ellipsoids are relatively uniform for the periodic structure,
but are vastly different for the optimized aperiodic struc-
ture, indicating the occurrence of localization of coherent
thermal phonons [Fig. 4(i)].

FIG. 5. Histograms of local 6-UL patterns of 100 structures that give small thermal conductivity in the specific four frequency ranges.
Four key local structures are identified: 101010, 110101, 101001, and 101101, which are present in the optimized SL.
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D. Local pattern analysis

The above localization analysis suggest the mechanism
to reside in the local structures, which should give rise to
phonon interference effects. Therefore, we perform phonon
pattern analysis to statistically identify the local structural
patterns that are important to reduce phonon transmission
and thermal conductivity in four different frequency ranges
from low to high frequency as shown in Supplemental
Material, Fig. S16 [39]. The statistical histograms of 6-UL
patterns are shown in Fig. 5, in which the x-axis coordinate
denotes the pattern in decimal. For instance, the x-axis
coordinate of 20 means 010100 with six digits. Clearly, the
histograms are different in each frequency range, implying
that the local patterns that inhibit phonon transport depend
on the frequency range. The local structures that appear
most frequently in small thermal-conductivity structures for
the four frequency ranges are 101010, 110101, 101010, and
101001, respectively. Furthermore, 101101 also appears as
the top local structures in all the frequency ranges, thus the
top four local structures are 101010, 110101, 101001, and
101101. Since the local structures tend to give the mini-
mum thermal conductivity at each frequency range, the
more local structures an SL has, the smaller its overall
thermal conductivity will be. The optimized aperiodic SL

has all these local structures, as shown in Fig. 6(a), which is
the reason for its minimum thermal conductivity.
To further understand the function of the key local

structures in the optimized SL, we unfold the optimized
SL to 101010, 110101, 101001, and 101101 and connect
them in serial (hereafter, extended SL) as illustrated in
Fig. 6(a) to compare the performance with the optimized
SL. This is to check if the effect of local structures can be
considered separately. Before comparing with the optimized
SL, to check if 101010, 110101, 101001, and 101101 are
separable (weakly correlated) in terms of phonon trans-
mission, we check the influence of the sequence of four local
structures in the extended SL on the phonon transmission.
We calculate the phonon transmissions for all the 4P4 ¼ 24

possibilities [Fig. 6(a)], and the obtained average profile and
the standard deviation are plotted as the blue curve and
shadowed region in Fig. 6(b), respectively. As seen in the
small standard deviation, the dependence of the phonon
transmission on the sequence is weak, suggesting the weak
correlation between the local structures. Now to compare the
extended SL and optimized SL, the problem is that their
lengths are different; the extended SL is 24-UL long and the
optimized SL is 16-UL long, which prevents comparison
for ballistic transport systems. Therefore, we made the

FIG. 6. Local structure independence and correlation examination. (a) Schematic for the optimized SL (16-ULs) and the extended SL
(24-ULs). (b) Averaged phonon transmission of the 24 extended SLs, i.e., all possible sequences when serially connecting the four key
local structures 101010, 110101, 101001, and 101101. The shadowed region denotes the standard deviation. (c) Comparison of phonon
transmissions of optimized SL and the extended SL (averaged) made to the same lengths (48ULs) by repeating three times and twice,
respectively.
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comparison for 48-UL systems by repeating the extended SL
twice and the optimized SL three times. In Fig. 6(c), the blue
and red curves denote the phonon transmission of optimized
and extended phonon transmissions, and the difference is
small. From Fig. 6, wemay conclude that the local structures
are nearly independent and weakly correlated in inhibiting
the phonon transport and thus thermal conductivity, and the
current optimized aperiodic structure is formed by connect-
ing various local structure with and without overlaps that
introduce interference over broad phonon frequencies
simultaneously.
With Figs. 4–6, we could find that the optimized

aperiodic structure can minimize thermal conductivity
because different parts of the structure separately localize
phonons at different frequency ranges, resulting in inhib-
ition of thermal transport in the entire spectrum. It is
important here to state that the localization is not Anderson
localization, and thus, it is not the randomness of the
structure but the specifically designed aperiodic structure
that matters on reducing the total thermal conductivity. This
is checked by statistically analyzing the distribution of
phonon transmission histogram in Supplemental Material,
Fig. S17 [39], and confirming that the selected structures
with small thermal conductance and randomly selected
ones show no difference in the goodness of fitting to the
lognormal distribution, which is an indicator of Anderson
localization [45]. Details of the analysis can be found in the
Supplemental Material [39].

E. Other aperiodic structures

Further, we compare the phonon transmission with other
typical aperiodic structures, including the reversed, graded,
and Fibonacci structures. As denoted by Fig. 7(a), the
reversed structure is produced by exchanging 0 (GaAs
layer) and 1 (AlAs layer) in the optimized aperiodic
structure. The graded structure is produced by gradually
increasing the number of consecutive 1 as 1, 2, 3, and 4.
The Fibonacci structure is realized by changing the number
of consecutive 1 following the Fibonacci sequence as 1, 1,
2, 3, and 5.
Figure 7(b) plots the corresponding phonon transmission

functions. All the transmission spectra of these aperiodic
structures are confined by those of the periodic and
optimized aperiodic structures. The corresponding thermal
conductivities at 100 and 300 K are shown in Fig. 7(c),
where the black dashed lines are used as guides to
recognize the level of the optimized aperiodic structure.
The thermal conductivities of these aperiodic structures
are higher than that of the optimized one but are lower
than that of the periodic one. Therefore, the optimized
aperiodic structure possesses the lowest conductivity,
further validating the effectiveness of our MI-based opti-
mization process. From the thermal conductivity values at
100 and 300 K, the temperature only influences the
absolute conductivity values, and has a negligible effect
on the relative magnitudes.

FIG. 7. Comparison of the current optimized structures and other representative aperiodic structures: reversed, graded, and Fibonacci
structures. (a) Schematic of the SL configuration for the different structures. (b) Phonon transmission spectra and (c) thermal
conductance of the periodic, optimized, reversed, graded, and the Fibonacci structures. Black dashed lines in (c) are the guide to eye.
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IV. CONCLUSIONS

In summary, we demonstrate the ultimate controllability
of coherent phonon thermal transport in the GaAs/AlAs SL
structure using materials informatics. The optimal aperi-
odic SL that minimizes the coherent phonon heat con-
duction is designed by a method that alternatingly couples
FP AGF and a Bayesian optimization. The designed
optimal SL structure is fabricated by MBE. The thermal
conductivity measurements over a wide temperature range
from 77 to 300 K clearly demonstrate that the minimum
thermal conductivity is experimentally realized. The excel-
lent agreement between the fully coherent calculation and
the experiments assures that the minimization of thermal
conductivity is due to the optimal control of the coherent
phonon thermal transport. Further, theoretical analysis
identifies that the significant reduction in the optimal
aperiodic SL from the finest periodic SL is attributed to
the stronger and more extensive localization of the acoustic
phonons. The optimal local structures that suppress phonon
transmission at different frequency ranges are identified
and validated to be mostly uncorrelated. The optimized
aperiodic structure is formed by connecting these local
structures with or without overlaps that introduce con-
structive or destructive interference over broad phonon
frequencies. Such controllability and understanding of the
aperiodic interference of coherent phonons opens a new
route for phonon engineering to further suppress or
enhance the thermal conductivities of various nanostruc-
tured materials.
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