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ABSTRACT

Manipulating heat with thermal metamaterials has garnered increasing attention for enabling underlying physics and promising applications.
However, the frequently adopted strategy to fabricate thermal metamaterials is using layered structures, whose design space is limited and, thus,
other strategies demand further exploring. Here, we propose the holey engineering strategy as an alternative to design thermal metamaterials
based on genetic algorithm optimization. The design procedures are introduced in detail, and two metadevices including the thermal cloak and
thermal concentrator, are designed and verified to demonstrate the feasibility and convenience of this strategy. This work proposes a new
design method for thermal metamaterials and paves an efficient way for macroscopic heat flow manipulation.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0108743

I. INTRODUCTION

Thermal metamaterials have been intensively explored as they
offer superior advantages over the naturally occurring materials in
terms of adjustable thermal conductivity, high design degree of
freedom, and abundant underlying physics.1–12 Based on thermal
metamaterials, many novel thermal functionalities have been dem-
onstrated theoretically and experimentally like cloaking,13–17 con-
centrating,18,19 illusion,20–22 camouflage,23,24 printing,25 encoding,26

etc. To design thermal metamaterials, the transformation ther-
motics theory is frequently applied, in which the designed thermal
conductivity κ’ is κ0 ¼ Jκ0JT / det (J), where J is the Jacobian matrix
of the coordinate transformation and κ0 is the isotropic thermal
conductivity of the background.27–30 Due to the matrix operations,
the designed thermal conductivity is an anisotropic tensor, which
enables the anisotropic heat flow under the uniform heat flux
input. The anisotropic tensor κ׳ is challenging to manufacture with
the naturally occurring isotropic materials, and the compromised
solution is mixing two different materials with proper ratios.31–34

For instance, in our previous papers, we drilled holes and stripes in
copper plate and filled with the mixture of boron nitride particles
and epoxy, with varying filling ratio and stripe orientations.20 As
far as we can see that most experimental implementation of
thermal metamaterials are fabricated by layered structures with
effective media approximation. When fixed with two materials, the
layered structures can only achieve two Wiener bounds (series and

parallel bounds) and the remaining large space cannot be accessi-
ble.5 So, can we design thermal metamaterials with other strategy?

In this study, we propose the holey engineering strategy as an
alternative to design thermal metamaterials based on genetic algo-
rithm (GA) optimization. We divide the design region into discrete
unit cells and calculate the thermal conductivity tensor with trans-
formation thermotics theory, and then design unit structures by
drilling holes on copper plate, whose distribution is optimized by
GA optimization. The design method for the unit structure is veri-
fied with the finite element method (FEM) simulation and two
thermal functionalities, i.e., thermal cloaking and concentrating,
are designed and demonstrated via FEM simulations, respectively.
This study is expected to offer a new possibility for the design of
thermal metamaterials and can be extended to other physical fields.

II. THEORETICAL DESIGN

We consider a two-dimensional system consisting of two con-
centric circles placed on a square background (L × L), as shown in
Fig. 1(a). The annual region is the design region of thermal metama-
terials, and the central region is the target region for thermal
functionalities. The radius of two concentric circles is R1 and R2, and
the thermal conductivity of background and central region is κb.
The thermal conductivity of the design region can be determined
by the transformation thermotics theory according to the presup-
posed thermal functionalities. Here, we design a circular thermal
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cloak and thermal concentrator for demonstration. A thermal cloak
can render the central region invisible to the outside thermal flux,
thereby resulting in a near-zero thermal gradient in the central
region. In contrast, a thermal concentrator can attract heat flux to
enter the central region, thereby resulting in a large thermal gradient
in the central region. Both can achieve thermal functionalities
without affecting the external field. In a cylindrical coordinate, the
designed thermal conductivity tensor for thermal cloak is27

κ0
cloak ¼

κ0
r 0
0 κ0

θ

� �
¼ diag

r0 � R1

r0
,

r0

r0 � R1

� �
κb, (1)

and for thermal concentrator, the designed thermal conductivity
tensor is27

κ0
concentrator ¼

κ0
r 0
0 κ0

θ

� �

¼ diag
r0 þ R2

R3 � R1

R2 � R3

r0
,

r0

r0 þ R2
R3 � R1

R2 � R3

0
BB@

1
CCAκb, (2)

where R3 can be designed intermediate shape variable, by which we
compress the inner part (r’ < R3) into the central region (r’ < R1) and
stretch the outer part (R3< r’ < R2) into the original annular region
(R1 < r’ < R2), in order to maintain the consistency between the origi-
nal space and the transformation space. From Eq. (1), we can see
that when r’ approaches R1, the radial component κ’r tends to be

zero and the azimuth component κ’θ tends to be infinite and singu-
larity, thus heat cannot enter the central region, resulting in an iso-
thermal and background-independent invisible performance, as
shown in Fig. 1(b). On the contrary, the singularity problem is
removed with inserting a proper R3 function in Eq. (2), and the heat
is directed into the central region of thermal concentrator resulting
in a larger temperature gradient. From both Eqs. (1) and (2), we can
see that the designed thermal conductivity tensors are strongly aniso-
tropic and vary with coordinates, so the remaining challenge is how
to design and fabricate such anisotropic metamaterials.

To tackle a such challenge, we propose the holey engineering
strategy as a new approach, which is illustrated in Fig. 1(c). First,
the design region of thermal metamaterials is divided into n × n
unit cells, and then the thermal conductivity tensor of each unit
cell can be calculated by Eqs. (1) and (2), according to the coordi-
nates of the central point of the unit cell. In this way, we substitute
the discrete thermal conductivity tensors in the discrete unit cells
to represent the original circular design region to avoid the
problem of continuous change of thermal conductivity with coordi-
nates. Second, we employ GA optimization to obtain the specific
holey structure of each unit cell whose effective thermal conductiv-
ity tensor equals to the calculated one, and the corresponding flow
diagram is shown in Fig. 2. We choose two materials (with thermal
conductivities κ1 and κ2) to construct metamaterial structures, and
the two materials are represented by digits of 0 and 1, respectively.
Each material distribution can be encoded as a 0−1 array, with the
material distribution corresponding to the phenotype and the 0−1
array corresponding to the genotype in the GA. Then, M arrays of
0−1 is randomly generated as the initial population of GA, where

FIG. 1. Schematic diagram of (a) two-
dimensional thermal functional system,
(b) heat flow regulation with thermal
cloak and thermal concentrator, (c)
design method for thermal metamateri-
als with holey engineering strategy.
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each 0−1 array is a chromosome. Thermal conductivity tensor of
each chromosome can be quickly calculated by the homogenization

method,35 which can be expressed as
kxx kxy
kyx kyy

� �
. The fitness func-

tion F is used to evaluate the quality of each chromosome in the
population, which is calculated by the following formula:

F ¼ (kxx � Kxx)
2

Kxx
þ (kyy � Kyy)

2

Kyy
þ (kxy � Kxy)

2, (3)

where
Kxx Kxy

Kyx Kyy

� �
is the target thermal conductivity tensor by the

transformation theory. After evaluating, three kinds of GA opera-
tors are employed to expand population, namely, selection, cross-
over, and mutation. Selection means some of the best
chromosomes are selected to be passed on to the next generation,
leaving the best chromosomes in each generation unaltered.
Crossover refers to two chromosomes are cut off at the same posi-
tion and the two strands cross to form two new chromosomes
which will become two of the next generation. This operator is also

known as gene recombination or hybridization, whose purpose is
to find a better combination of gene segment for the next genera-
tion. Mutation refers to that some sudden changes may occur with
a probability when a chromosome is passed on to the next genera-
tion, thereby resulting in the creation of new genes and the display
of new traits. That is to say, chromosomes will change randomly
with a low probability. This operator can improve the ability of
random search and increase the diversity of the population. The
above operators are used to continuously generate the next genera-
tion population in iterative optimization, where the probability of
crossover and mutation are Pcross and Pmutation, respectively. After
N iterations, the optimal result is the final chromosome, which will
then be decoded into phenotype, and the metamaterial structure in
each unit cell whose effective thermal conductivity equals to the
target thermal conductivity tensor is obtained. Finally, after obtain-
ing all the metamaterial in each unit cell, we assemble all the meta-
material structures into the designed metadevice according to the
coordinates of their central positions.

III. RESULTS AND DISCUSSION

First, we evaluate the inverse design of each unit cell by com-
paring the temperature field of theoretical metamaterials and
designed metamaterials. We set the target thermal conductivity

tensor as κ ¼ 48:9 39:4
39:4 82:5

� �
Wm�1 K�1 and simulate two cases in

COMSOL Multiphysics. In the first case, a 50 × 50mm2 square
plate is created and set the thermal anisotropy as the target thermal

conductivity tensor κ ¼ 48:9 39:4
39:4 82:5

� �
Wm�1 K�1 directly. The

two boundaries perpendicular to the temperature gradient are set
as 373 and 273 K, and the two boundaries parallel to the tempera-
ture gradient are set as adiabatic boundaries. In the second case,
copper and air are selected as two materials in the GA inverse
design. The GA optimization parameters are set as M = 50,
N = 100, Pcross = 0.9, and Pmutation = 0.1. Then, after the GA inverse
design, we obtain the structure for the target thermal conductivity

tensor κ ¼ 48:9 39:4
39:4 82:5

� �
W m�1 K�1. A 5 × 5 periodic holey

structure is assembled whose hole size is 50 × 50mm2 as well. As is
shown in Figs. 3(b) and 3(c), black represents copper with thermal
conductivity of 400Wm−1 K−1 and white represents air with
thermal conductivity of 0.026Wm−1 K−1. Thermal convection is
ignored and boundary conditions are the same as the first case.

The simulated temperature distributions when the uniform
heat is input from x and y directions are shown as Figs. 3(d)–3(g),
from which the overall temperature profiles of theoretical simula-
tion and structural simulation are consistent. However, owing to
the non-smooth copper structures, the temperature distribution of
the structural simulation is not as uniform as that in the theoretical
simulation. In order to further quantitatively analyze the tempera-
ture distribution, the corresponding temperature profiles along the
diagonal line [gray dotted line in Figs. 3(d)–3(g)] are illustrated as
Figs. 3(h) and 3(i). It can be observed that although the tempera-
ture profile in the theoretical simulation results is smooth and that
in the structural simulation is zigzag, the trend of the two is basi-
cally the same. This difference is mainly due to the limited number

FIG. 2. Flow chart of inverse design of each unit cell based on GA
optimization.
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of unit cell, and the limited number of elements in each unit cell.
The distribution of holes is optimized by GA, whose effective
thermal conductivity tensor is approximated to the calculated
tensor by transformation thermotics theory. But because of the
abrupt change of thermal conductivity of copper and air, the corre-
sponding temperature profile is not as smooth as the target field.
To enhance the temperature smoothness, we can increase the
number of unit cells and the number of elements in each unit cell
as many as possible by balancing the accuracy and computation
cost. In general, the above results show that the designed structure
can largely achieve the heat flow regulation of theoretical

anisotropic materials and verify the feasibility of the GA inverse
design method for each unit cell.

In order to verify the effectiveness of the holey engineering
strategy for thermal metamaterials, we then design thermal cloak
and thermal concentrator for demonstration and evaluate the
performance by FEM simulation. We take the following
parameters: κb = 20Wm−1 K−1, L = 160 mm, R1 = 20 mm,
R2 = 50 mm, R3 = 35 mm. Copper (κcopper = 400Wm−1 K−1) and
air (κair = 0.026Wm−1 K−1) are the two materials in GA optimiza-
tion, and the optimization parameters are set as M = 50, N = 100,
Pcross = 0.9, and Pmutation = 0.1. Following the design steps described

FIG. 3. Verifications for unit structure design method. (a) Target thermal conductivity tensor. (b) Designed structure of the unit cell. (c) Assembled structure of the 5 × 5
array. (d)–(g) Temperature distribution of theoretical simulation and structural simulation with temperature gradient in the x and y directions, respectively. (h) and (i)
Temperature along the observational lines (gray dotted lines) in (d)–(g).
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FIG. 4. Results of FEM simulation. (a)
and (b) Temperature distribution of
thermal cloak and thermal concentrator
in an ideal situation. (c) and (d)
Temperature distribution of the
designed thermal cloak and thermal
concentrator. (e) and (f ) Temperature
along the observational lines (red
dotted lines) in (a)–(d). (g) and (h)
Error distribution of designed thermal
cloak and thermal concentrator.
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above, the circular region is divided into 20 × 20 unit cells and the
size of each unit cell is 10 × 10 mm2. The thermal conductivity
tensor of each unit cell is calculated and the structure of each unit
cell is designed and assembled together. FEM simulation is per-
formed by COMSOL Multiphysics. The left and right sides of the
plate are set as 373 and 273 K, respectively, and the upper and
lower sides of the plate are adiabatic boundaries.

We first show the theoretical simulation temperature fields of
thermal cloak and concentrator in Figs. 4(a) and 4(b), respectively,
in which the thermal conductivity tensor is calculated by the trans-
formation theory. The structural simulation of designed metamate-
rials with a specific holey structure is shown in Figs. 4(c) and 4(d).
It is seen that the temperature distribution of the designed thermal
cloak is similar to that of theoretical situation. As for thermal
cloak, the isotherms bypass the central region, and the temperature
gradient of central region is only 63.528 Km−1 which is 80%
smaller than that in the background of 312.5 Km−1. As for thermal
concentrator, the isotherms in the design region converge to the
center region, and the isotherms in the central region are signifi-
cantly denser than that in the background, with a temperature gra-
dient of 453.92 Km−1, 45% higher than that in the background.
Comparing theoretical and structural simulations, whether it is a
thermal cloak or a thermal concentrator, the temperature profile in
the background and central region on the red dotted line in
Figs. 4(a)–4(d) are basically the same, as shown in Figs. 4(e)
and 4(f ). The temperature curve within the design region is
stepped due to the huge difference in thermal conductivity of
copper and air, but still exhibits the same trend as the theoretical
situation. Observing the external isotherms, the isotherms around
the thermal cloak are not completely parallel but are slightly per-
turbed by the metadevices, which is different from the theoretical
situation. As for thermal concentrators, the perturbation is rela-
tively small and negligible, and the external isotherms are nearly
parallel. It is worth mentioning that, owing to the fact that this
holey structure can be represented by a 0−1 matrix, which is in
good agreement with GA, the calculation speed of this design
method is very fast. It takes only about 2h with CPU Intel i 5 10400
to design the entire thermal functional device. Overall, the designed
metamaterials with holey structures show good thermal functionali-
ties as transformation theory and offer a general
“discretion-and-assembly” strategy to design thermal metamaterials.

Further, we would like to discuss more on the error of the
thermal conductivity tensor. Considering the distribution of the
components Kxx, Kyy, and Kxy (Kyx) of thermal conductivity tensor

κ ¼ Kxx Kxy

Kyx Kyy

� �
, the closer the unit cell is to the central region,

the larger the thermal conductivity tensor value and the anisotropy,
as summarized by Eqs. (1) and (2). This significant anisotropy
leads to difficulties in the design of unit cells close to the central
region, as more complex and special structures are required. In
Figs. 4(g) and 4(h), the fitness function of each unit cell in the
design region is illustrated, which can be regarded as the design
error of each unit cell. The fitness function of the unit cells next to
the central region is much higher than that of the unit cells far
away, which means that these unit cells have a larger error in the
GA inverse design, while the other unit cells are designed with

higher accuracy. These large or small errors combine to make the
overall thermal conductivity of thermal functional device deviate
from the thermal conductivity of background, resulting in non-
parallel isotherms in the background. Compared with the thermal
cloak, the thermal concentrator has less anisotropy, thus the design
error is smaller, making the background isotherms more parallel.
However, from an overall perspective, the error of most design unit
cells is small, so the influence on the overall heat flow regulation is
acceptable, and good thermal functionalities can still be achieved.

IV. CONCLUSION

In this study, we proposed the holey engineering strategy
based on the GA optimization, as an alternative method to design
thermal metamaterials beyond the conventional layered strategy.
The merits of the holey engineering strategy include, without a
prior knowledge of the background temperature field, large design
freedom, high efficiency, traversing the full-parameter space, etc.
The thermal cloak and thermal concentrator are designed in this
way and their performance has been verified by FEM simulations,
which is close to the ideal design by the transformation theory.
This present method can be used to design other metamaterials
with different functionalities even with extremely complex shapes,
as long as the discrete unit cells are small enough. This work pro-
vides a new avenue for thermal metamaterial design and arbitrary
heat flow manipulation and can be easily extended to other physical
fields for both metamaterials and metadevices.
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