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ABSTRACT

Illusion thermotics, which aims at creating temperature fields to mislead a thermal detector, encompasses many thermal functionalities.
It has attracted significant attention due to the increasing number of promising applications. Transformation thermotics and scattering
cancellation methods are frequently adopted for illusion devices, though they have inherent defects such as anisotropic thermal properties
and complicated fabrication methods. Here, we present a general framework for topology optimization, which can be used to design the
structure of an illusion device automatically. The optimized configuration can camouflage the thermal exterior of an illusion device so that
it is identical to a reference. The original heat source can drive the virtual heat source despite the structure being simply composed of
natural materials. To establish an effective topology optimization model, a volume constraint was imposed on the total volume of iron and a
prescribed objective function was used to evaluate the difference between the reference temperature and the temperature field during the
topology optimization. The flexibility of the method presented was successfully validated by changing the total volume of iron, the number
and locations of the thermal illusions, the types of composite materials, and the original heat sources. Topology optimization is a new and
flexible approach for designing thermal metamaterials and metadevices for diverse thermal functionalities and beyond.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0007354

I. INTRODUCTION

With the advent of thermal metamaterials in recent decades,
many novel thermal functionalities have been proposed and there
is an increasing number of promising applications, including
thermal cloaking,1–9 thermal concentrating,1,10,11 thermal camou-
flage,12 thermal illusion,13,14 etc. Illusion thermotics, which uses
thermal metamaterials and metadevices to create thermal illusions,
encompasses all these thermal functionalities. Generally, if there is
no thermal reference, then the illusion thermotics could include
thermal cloaking, whereas if the reference is part of the back-
ground, then the illusion thermotics could include thermal camou-
flage. Transformation thermotics (TT) and scattering cancellation
(SC) methods are frequently adopted to design thermal metadevi-
ces that can create a thermal illusion. TT and SC methods can be
used to tune neighboring temperature fields of the target to mimic
the reference temperature field. Han et al.12 was the first to design
thermal metamaterials’ functionality to achieve thermal camouflage
based on the SC method. He and Wu15 proposed a thermal
reshaper as an illusion device. It combined a thermal amplifier,

concentrator, invisible cloak, and shrinker, and was based on the
TT method. Hou et al.16 designed an illusion device to camouflage
the location of a target theoretically and experimentally. Hu et al.13

aimed to camouflage the outer and the inner temperature fields of
a metadevice simultaneously using general illusion thermotics in
which the conventional TT method was extended by splitting the
coordinate space into two- and three-dimensional spaces.

Although TT and SC can be used to design thermal metamateri-
als and metadevices for diverse thermal functionalities, they suffer
from inherent defects. For instance, TT is flexible and can be used for
diverse thermal functionalities, though the corresponding anisotropic
thermal conductivity makes devices based on TT rather complicated
to fabricate and implement. In contrast, SC is easy to implement but
has limited flexibility. Stimulated by the diverse functionalities and
promising applications of thermal metamaterials, researchers con-
tinue to spare no effort on seeking alternative methods that can
balance the complexity of design, fabrication, and application.

Topology optimization is a numerical iterative procedure for
optimizing a structure. It can find the optimal distribution of
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materials for some given constraints in a given design area to maxi-
mize or minimize the structural performance of a device.17–20 So
far, topology optimization has been used to design an optical
cloak,21,22 a DC current cloak,23 and thermal cloaks.24,25 It is
another option for designing thermal metamaterials and metadevi-
ces with different thermal functionalities. Andkjær et al.21 designed
optical cloaks using only dielectric materials that did not rely on
polarization. Lin et al.26 presented a general topology optimization
scheme for multi-layered geometries with angular phase control,
including an angular converging metalens, which focuses light onto
the same focal spot regardless of the angle of incidence, and a
single-piece nanophotonic metalens with angular aberration correc-
tion. Based on topology optimization, Fujii et al.24 designed opti-
mized configurations for thermal invisibility composed of
aluminum and iron. Fujii and Akimoto25 designed thermal carpet
cloaks with a topology optimization method that eliminates distur-
bances caused by a bump on a flat boundary. Is it possible to
extend topology optimization to general illusion thermotics for
broad applications in addition to TT and SC methods?

In this paper, we proposed a topology optimization scheme to
design illusion thermotics for camouflaging the external tempera-
ture field. We provide a detailed introduction to the topology
optimization scheme and discuss the thermal illusion performance
in terms of the number, locations, and types of material of the
thermal illusions. The flexibility and possible extensions of the two-
material topology optimization scheme are also discussed.

II. METHODOLOGY

First, we briefly introduce the general topology optimization
scheme for achieving a thermal illusion. Figure 1 illustrates the pro-
posed scheme. A single heat source in the center of the design
domain will be camouflaged as four illusion heat sources in its
exterior region. The computational model with a single material
(i.e., FR-4) and four illusion heat sources is shown in Fig. 1(a), and

its steady temperature field is considered as a reference temperature
field. The multi-material topology optimization model with a single
heat source in the center domain is shown in Fig. 1(b). The fixed
domain ΩD contains two materials (iron and FR-4), which are
freely distributed. The exterior domain of ΩD is denoted by Ωout.
The temperature distribution depends on the layout of iron and
FR-4. Both convection and temperature on the boundaries of Ωout

are fixed as 0W/m2 K and 0 K, respectively, and structural symme-
tries are imposed along x and y axes for simplification, as can be
seen in Fig. 1.

In the topology optimization scheme of Fig. 1, when a perfect
thermal illusion to be achieved,13 the temperature field distribution
of domain Ωout with a single heat source, as shown in Fig. 1(b),
should be identical to that of domain Ωout with four illusion heat
sources, as shown in Fig. 1(a). To achieve this goal, the topology of
the multi-material structure shown in Fig. 1(b) is optimized. The
objective function is set as

J ¼ 1
J0

ð
Ωout

jT � Tref j2dΩout , (1)

where T is the temperature in Fig. 1(b), which is to be controlled
by the topology of an optimized structure. Tref is the reference
temperature in Fig. 1(a). The objective function J is normalized by
J0, which is defined as

J0 ¼
ð

Ωout

jT0 � Tref j2dΩout , (2)

where T0 is the temperature when ΩD in Fig. 1(b) is filled with the
single material FR-4. As J is minimized, T tends to Tref in Ωout ,
which means that the temperature fields in Ωout are close under
different heat sources. Thus, the thermal illusion is realized, i.e., we

FIG. 1. (a) Computational model for the reference temperature field. (b) Topology optimization model for the temperature field with a thermal illusion device. Domain sizes
are Lx ¼ Ly , RD ¼ Lx � 2/7, and LQx ¼ LQy ¼ Lx � 1/4. The heat sources are set to Q ¼ Q1 ¼ Q2 ¼ Q3 ¼ Q4 ¼ 8W/m3, and their areas are set to
SQ ¼ 4S1 ¼ 4S2 ¼ 4S3 ¼ 4S4. The thermal conductivities of FR-4 and iron are 0.3 and 56 W/m K, respectively.
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cannot determine the position of the actual heat source in ΩD

based on measuring the exterior temperature field. The tempera-
tures Tref , T0, and T in the steady-state thermal conduction obey
the Laplace equation with heat sources,

∇(kref (xe)∇Tref ) ¼ Q1 þ Q2 þ Q3 þ Q4,

∇(kref (xe)∇T0) ¼ Q,

∇(k(xe)∇T) ¼ Q,

(3)

where kref (xe) and k(xe), respectively, are the thermal conductivities
of the whole domain in Figs. 1(a) and 1(b). They are defined as

kref (xe) ¼ kFR�4,

k(xe) ¼ kFR�4 þ xe(kiron � kFR�4), xe [ ΩD,
kFR�4, xe [ Ωout ,

�
(4)

where kFR�4 and kiron denote the thermal conductivities of FR-4
and iron, respectively. In this paper, the solid isotropic material
with penalization (SIMP) method is employed in the topology opti-
mization.27 Here, xe [ [0, 1] is the relative density design variable.
After topology optimization, the intermediate densities will be
removed by postprocessing. Finally, xe can be described by

xe ¼ 1, xe [ iron,
0, xe [ FR-4:

�
(5)

In practice, considering the weight of the structure in ΩD, a volume
constraint is imposed on the amount of iron,

ð
ΩD

xedΩD � Vf , (6)

where V is the total volume of domain ΩD and f is the volume frac-
tion of iron within ΩD. In the topology optimization of a thermal
illusion, the design variables are iteratively updated using a
gradient-based optimization method, i.e., the method of moving

asymptotes (MMA).28–30 The iteration is terminated when the dif-
ference in the values of the design variables between two successive
iterations is less than 10−3 or after a maximum of 150 iteration
steps. The sensitivity analysis of the objective and constraint func-
tions is conducted by the adjoint method.31–33

III. RESULTS AND DISCUSSION

To simplify the comparisons, the temperatures Tref , T, and T0

are normalized as Tn
ref , Tn, and Tn

0 by Tn
i ¼ (Ti �min (Tref ))/

(max(Tref )�min (Tref )), where Ti ¼ Tref , T, or T0. The reference
temperature field Tn

ref of the domain with the four illusion heat
sources in Fig. 1(a) is shown in Fig. 2(a). The temperature field Tn

0
is shown in Fig. 2(b). The differences between Tn

0 and Tn
ref before

topology optimization are shown in Fig. 2(c) to illustrate the
thermal illusion more intuitively. The aim of topology optimization
is that the temperature outside the device region (outside the
purple dashed line) and the reference temperature are so similar
that the temperature differences are negligible, which would mean
that the thermal illusion has been realized by the layout of FR-4
and iron.

Figure 3 shows the results of topology optimization for a
thermal illusion device with different volume fractions of iron
when the number of illusion heat sources is four. Each optimized
structure shown in the leftmost column of Fig. 3 is composed of
FR-4 and iron. Compared to the thermal illusion structure designed
by TT,13 the configuration of each structure obtained by topology
optimization is much simpler. In these optimized structures, iron,
which has a high thermal conductivity, is in the domains of the
single actual heat source and the four illusion heat sources. As the
volume fraction of iron increases, there is a good connection
between iron in the two domains. The steady temperature fields of
the single heat source in the domain with the multi-material distri-
bution are shown in the center column of Fig. 3. This is the tem-
perature field produced for the thermal illusion by topology
optimization. The differences between the temperature field Tn and
the reference temperature field Tn

ref in the domain Ωout are shown
in the rightmost column of Fig. 3. These temperature differences in

FIG. 2. (a) Normalized reference temperature of the domain with four illusion heat sources, Tn
ref . (b) Normalized temperature of the design domain filled with the single

material FR-4 under a single heat source, Tn
0 . (c) The absolute temperature difference between T

n
0 and Tn

ref , jTn
0 � Tn

ref j. In Figs. 2(a)–2(c), the intervals between isotherms
are 0.1, 0.1, and 0.001, respectively. The purple dotted line is the boundary of domain ΩD.
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the domain Ωout are extremely small. Thus, the single heat source
in the center of the design domain has been camouflaged by the
four heat sources in its exterior region. Due to the negligible tem-
perature differences between Tn

0 and Tn
ref , the two-material topology

optimization has been verified as being effective for illusion ther-
motics design.

In addition, the effectiveness of this thermal illusion can be
evaluated using the objective function [Eq. (1)]. After topology
optimization, the objective function J is minimized and its value
is as low as 10−3, as shown in the rightmost column of Fig. 3.
This low value of the objective function J means that the tempera-
ture field in domain Ωout is very close to the reference one. This

further illustrates that the single actual heat source can be camou-
flaged as four virtual illusion heat sources using two-material topol-
ogy optimization. Therefore, based on the exterior temperature
field in the domain Ωout , it is difficult to judge the number of
actual heat sources. Moreover, the temperature changes around the
center of the domain ΩD are so small that we cannot determine
whether the single actual heat source is in the center of ΩD. This
further demonstrates the effectiveness of the thermal illusion of the
single actual heat source. Thus, the steady temperature field with
the single actual heat source in the center of ΩD will provide mis-
leading information if we attempt to detect the number and loca-
tion of the actual heat sources through infrared imaging.

FIG. 3. Results of topology optimization
used to camouflage a single heat
source into four heat sources with
different volume fractions of iron:
(a) firon ¼ 0:2, (b) firon ¼ 0:3, (c)
firon ¼ 0:4, and (d) firon ¼ 0:5. Left:
topology-optimized thermal illusion
structures. Center: thermal illusion tem-
perature field. The interval between iso-
therms is 0.1. Right: absolute values of
the differences between the thermal illu-
sion temperature field and the reference
temperature field. The interval between
isotherms is 0.001. J0 ¼ 1367:8248.
The purple dotted line is the boundary
of the domain ΩD.
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To assess the flexibility of topology optimization for illusion
thermotics, different reference temperature fields with different
numbers of illusion heat sources and asymmetric illusion heat
sources were investigated for the same design domain. The results
of topology optimization are shown in Fig. 4. For Figs. 4(a)–4(c),
the distance from each illusion heat source to the center of the
design domain is Lx/4. The illusion heat sources are at the vertexes
of a triangle, square, and hexagon, respectively. For Fig. 4(d), the
four illusion heat sources are asymmetric. The illusion heat sources
in Fig. 4 have the same density. The total volume of all the illusion
heat sources in each case is equal to that of the single heat source
in Fig. 1(b). For each of the optimized structures shown in the left-
most column of Fig. 4, it can be observed that iron is distributed in
the domain of the single actual heat source and the camouflaged or
illusion heat sources after topology optimization. Moreover, as
shown in the rightmost column of Fig. 4, the objective function is
very small and the temperature field in Ωout after topology optimi-
zation is very close to the reference one. Hence, a thermal illusion
for each of these cases can be realized by two-material topology

optimization. As before, the temperature changes around the center
of the domain ΩD are very small, which further indicates that the
single actual heat source has been camouflaged by different multi-
ple heat sources. Topology optimization can be used to design dif-
ferent optimized structures according to the requirements of the
thermal illusion.

Furthermore, the topology optimization method presented can
be extended to use a wider range of materials. We replaced iron with
stainless steel (17W/mK) or wood (0.5W/mK), which have a lower
thermal conductivity, to test the effectiveness of topology optimiza-
tion. The other numerical test conditions are consistent with those
in Fig. 1. The reference temperature field in Fig. 2(a) was used. The
results of the topology optimization are shown in Fig. 5. The objec-
tive function and the temperature differences are shown in the third
column of Fig. 5, which indicate that the thermal illusion has been
realized by topology optimization with different materials. The tem-
perature differences in Ωout , as shown in Fig. 5(c), are extremely
small and the objective function is as low as 10−5, which demon-
strates the effectiveness of the thermal illusion.

FIG. 4. Results of topology optimization
used to camouflage a single heat
source into (a) three, (b) four, (c) six
symmetric illusion, and (d) four asym-
metrical illusion heat sources with the
volume fractions of iron firon ¼ 0:2. Left:
topology-optimized thermal illusion
structures. Second column: the refer-
ence temperature field. The interval of
between isotherms is 0.1. Third column:
thermal illusion temperature field. The
interval of between isotherms is 0.1.
Right: absolute values of the differences
between the thermal illusion temperature
field and the reference temperature
field. The interval between isotherms is
0.001. Under each case, J0 ¼ 993:057,
85.3695, 2.2158, and 4271.1506,
respectively. The purple dotted line is
the boundary of domain ΩD.
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In previous demonstrations of illusion thermotics, a single
heat source was camouflaged into multiple illusions, but the topol-
ogy optimization method presented can also be extended to cam-
ouflaging multiple heat sources with one or multiple illusions. This
is one of the advantages of this method over TT or SC methods. To
demonstrate this, as shown in Fig. 6, four heat sources were

camouflaged by two illusion ones by changing the reference heat
sources and actual heat sources following the same topology opti-
mization procedure. The reference temperature field Tn

ref of the
domain with two illusion heat sources is shown in Fig. 6(a). The
field Tn

0 of the four heat sources is shown in Fig. 6(b). For compari-
son, the temperature differences between them are shown in Fig. 6

FIG. 5. Results of topology optimiza-
tion used to camouflage a single heat
source into four heat sources under dif-
ferent materials: (a) iron and FR-4, (b)
stainless steel and FR-4, and (c) Wood
and FR-4. Left: topology-optimized
thermal illusion structures. Center:
thermal illusion temperature field. The
interval between isotherms is 0.1.
Right: absolute values of the differ-
ences between the thermal illusion
temperature field and the reference
temperature field. The interval between
isotherms is 0.001. The volume fraction
of the material with relatively high
thermal conductivity is set as 0.7 and
J0 ¼ 1367:8248. The purple dotted
line is the boundary of domain ΩD.

FIG. 6. (a) Normalized reference temperature of the domain with two illusion heat sources, Tn
ref . (b) Normalized temperature of the design domain filled with the single

material FR-4 and four heat sources, Tn
0 . (c) The absolute temperature difference between T

n
0 and Tn

ref , jTn
0 � Tn

ref j. In Figs. 6(a)–6(c), the interval between isotherms are
0.1, 0.1, and 0.001, respectively. The purple dotted line is the boundary of domain ΩD.
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(c). After topology optimization, the results of thermal illusion are
shown in the rightmost column of Fig. 7. The leftmost column of
Fig. 7 indicates how the different volume fractions of iron in the
topology-optimized structures are distributed in the domain of the
single actual heat source and the camouflaged or illusion heat
sources. As seen in the rightmost column of Fig. 7, the temperature
differences in Ωout and the objective function are extremely small.
Therefore, the thermal illusion has been well realized by appropri-
ately distributing iron in FR-4.

Note that all the above thermal illusions were realized in two
dimensions. Nevertheless, it is easy to extend the thermal illusion
scheme to three dimensions. In three-dimensional thermal illusion,
the actual heat source can be camouflaged by virtual heat sources in
more directions, which can obviously enhance the effectiveness of
the thermal illusion. Note that the thermal illusion scheme in this
paper was verified by numerical simulations only. Since the opti-
mized structures are simple and need only two types of material,
they can be fabricated with laser processing, 3D printing, etc. Thus,
the temperature fields could be observed experimentally, after impos-
ing the relevant thermal boundary conditions on the structures.

IV. CONCLUSIONS

In summary, we proposed a general topology optimization
method for designing thermal illusion devices with steady heat
conduction by distributing two materials with different thermal
conductivities. For the optimized structures designed by this

method, the exterior thermal signature of the real heat source is
close to the exterior reference thermal signature for multiple asym-
metric and symmetric illusion heat sources. In the illusion, it
appears as if the interior real heat source has been split. This topol-
ogy optimization method is general and can be extended to other
target illusions, materials, structures, boundary conditions, etc. The
topology optimization method presented could be applied to the
development of multi-functional illusions in other physical fields,
such as optics, acoustics, and mechanics.
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FIG. 7. Results of topology optimization
used to camouflage four actual heat
sources into two illusion ones. Left:
topology-optimized thermal illusion
structures. Center: thermal illusion tem-
perature field. The interval between iso-
therms is 0.1. Right: absolute values of
the differences between the thermal illu-
sion temperature field and the reference
temperature field. The interval between
isotherms is 0.001. Under each case,
(a) firon ¼ 0:3, J0 ¼ 13 297:0329 and
(b) firon ¼ 0:6, J0 ¼ 13 297:0329,
respectively. The purple dotted line is
the boundary of domain ΩD.
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