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Invisible optical and thermal cloaking have been explored as the typical demonstrations of the 
transformation optics and thermotics theory. However, the existing cloaks are realized by only one-
coordinate transformation, and the cloaking layout, i.e. the form of electromagnetic wave/heat passing 
around the invisible region, is single for a long time. Here, we propose a new rotated thermal cloak which 
can unify the conventional cloaking and rotating together, and realize the while-rotating–while-cloaking 
effect. The required anisotropic thermal conductivity tensor is deduced from the new geometric mapping. 
Though rotated, the heat flux can be tuned around the central invisible region perfectly by the proposed 
rotated thermal cloak. The underlying physics is explored by comprehensive analysis of the distribution 
of the thermal conductivity tensor, which is further compared with those of the conventional cloak and 
rotator. The experimental feasibility is also discussed by validating the practical while-rotating–while-
cloaking effect through a proof-of-concept design. The proposed rotated thermal cloak is expected to 
extend the possibility of cloaking scheme, and open avenues for the multiple coordinate transformation 
in counterpart physical fields, like optics, electrics, acoustics, magnetics, mechanics, etc.

© 2018 Elsevier B.V. All rights reserved.
1. Introduction

Since the birth of transformation optics (TO), the invisible cloak 
has attracted lots of interests due to its ad hoc characteristic that 
can render any object inside invisible to the electromagnetic (EM) 
radiation [1]. In other word, people cannot see the object inside 
from certain direction, which has been extensively described in fic-
tions or popular movies over centuries. The essence of TO lies the 
invariance of the Maxwell equation under the coordinate transfor-
mation from the virtual space to the real space, but resulting in 
the undesired, anisotropic, inhomogeneous permittivity and per-
meability in the cloaking layer in return. Though difficult, experi-
mental physicists have realized such optical invisible cloak by dif-
ferent methods [2,3]. Many people have devoted to the extension 
of TO theory and the invisible cloak to other physical fields, such 
as acoustics [4], thermotics [5–11], mechanics [12], or even quan-
tum mechanics [13]. Similar to TO, the heat conduction equation is 
proven to be form-invariant under coordinate transformation, and 
the counterpart transformation thermotics and thermal cloak are 
proposed. As for thermal cloak, the heat flux can be tuned around 
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the invisible region and return to their original direction, with-
out disturbing the heat flux and isotherms outside at all, which 
looks as if there was no object inside. Due to the lacking of phase 
information, thermal cloak tends to be more attractive and likely 
to be achieved for heat flux manipulation than the EM counter-
parts. For instance, the heat flux has been manipulated to realize 
thermal cloaking [14–18], concentrating [19,20], rotating [21], re-
fracting [22], reflecting [23], and camouflaging [7,24,25], encoding 
[26] with successful validation in theory or in experiments.

As far as we are concerned, the optical or thermal cloak is re-
alized almost by the same geometric transformation, {r′ = b−a

b r +
a, θ ′ = θ, z′ = z′}, where a and b are the inner and outer radii 
of the annular cloaking structure. By such geometric transforma-
tion, we can easily map a cylinder with radius of b in the virtual 
space into an annular structure with radii of a and b in the real 
space. As a result, the cylinder with radius of a in the real space 
corresponds to a singularity in the virtual space and forms the in-
visible region. Such a mapping relationship is simple, effective and 
successful, but only transforms one coordinate (like r) while main-
taining other coordinates (like θ and z) invariant. Can we deduce 
other kinds of geometric mapping for advanced optical or thermal 
cloaking effect? To answer this question, we propose a new kind 
of geometric mapping in this study and validate the transformation 
effect in thermal field.
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2. Transformation thermotics

To deduce the transformed properties for cloaking metamate-
rials, we have to introduce the transformation thermotics in brief. 
Heat conduction without heat source is governed by Fourier’s law 
as ρc ∂T

∂t = ∇ · (κ∇T ), where ρ and c are the density and ther-
mal capacity, κ is the thermal conductivity tensor, and T is the 
temperature. According to the principle of the transformation ther-
motics, the Fourier equation maintains the form after coordinate 
transformation, i.e. ρ ′c′ ∂T ′

∂t = ∇′ · (κ ′∇T ′). The transformed ther-
mal conductivity tensor from the virtual space (x, y, z) to the real 
space (x′, y′, z′), which can be expressed as [5,7]

κ ′ =
⎡
⎢⎣

κ ′
xx κ ′

xy κ ′
xz

κ ′
yx κ ′

yy κ ′
yz

κ ′
zx κ ′

zy κ ′
zz

⎤
⎥⎦ = Jκ0JT

det(J)
(1)

with

J = ∂(x′, y′, z′)
∂(x, y, z)

= Jx′r′ Jr′rJrx

= ∂(x′, y′, z′)
∂(r′, θ ′, z′)

∂(r′, θ ′, z′)
∂(r, θ, z)

∂(r, θ, z)

∂(x, y, z)

(2)

where κ0 is the homogeneous thermal conductivity in the virtual 
space, J is the Jacobian matrix of the two spaces and JT is the 
transposition of J. To realize the advanced thermal cloaking effect, 
following geometric mapping is used⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

r′ = b − a

b
r + a,

θ ′ = θ + θ0
b − r

b − a
,

z′ = z.

(3)

By such mapping, the virtual space is not only compressed into 
an annular region, but also rotated by a predesigned angle from 
θ0 to 0 gradually with the increase of r. Here, two coordinates are 
transformed, which is different from the conventional one. Sub-
stituting Eq. (3) into Eq. (2) and neglecting the z coordinate for 
simplification, we first obtain

J =
[

∂x′
∂r′ ∂x′

∂θ ′
∂ y′
∂r′

∂ y′
∂θ ′

][
b−a

b 0
−θ0
b−a 1

][
∂r
∂x

∂r
∂ y

∂θ
∂x

∂θ
∂ y

]

= R
(
θ ′)diag

(
1, r′)[

b−a
b 0

−θ0
b−a 1

]
diag

(
1,

1

r

)
R(θ)T

(4)

where R(θ ′) and R(θ) are the rotational matrixes of the real space 
and the virtual space with R(ϕ) =

[
cos ϕ − sin ϕ

sin ϕ cos ϕ

]
. By substituting 

Eq. (4) into Eq. (1) with R(θ)T = R(θ)−1, we can obtain the trans-
formed thermal conductivity tensor as

κ ′ = R(θ ′)
[

κ ′
11 κ ′

12

κ ′
21 κ ′

22

]
R
(
θ ′)−1

κ0

= R
(
θ ′)

⎡
⎣ r′−a

r′
−bθ0(r′−a)

(b−a)2

−bθ0(r′−a)

(b−a)2
r′

r′−a + b2θ2
0 r′(r′−a)

(b−a)4

⎤
⎦R

(
θ ′)−1

κ0.

(5)

It is seen in Eq. (5) that the required κ ′ is more anisotropic with 
off-diagonal components. With such transformed thermal conduc-
tivity, we can validate our idea with finite element simulations.
Fig. 1. Temperature profile comparisons among conventional cloak, rotator and the 
proposed rotated cloak. The black grid lines denote the isotherms and the white 
lines denotes heat flux lines. Left and right boundaries are kept at 400 K and 
300 K, respectively. The reference homogeneous material for the whole plane ex-
cept for the annular cloaking structure is polydimethylsiloxane (PDMS) with κ0 =
0.16 W(m · K), ρ = 970 kg/m3, and c = 1460 J/(kg · K). The thermal properties 
of the annular cloaking structure are according to the calculation. The radius of 
the annular region is 15 mm and 30 mm. The dimension of the whole plane is 
100 mm × 100 mm. (For interpretation of the colors in the figures, the reader is 
referred to the web version of this article.)

3. Results and discussions

Firstly, we would like to vividly show the differences of the 
thermal functionalities among conventional cloak, rotator and the 
proposed rotated cloak. Heat is conducted from the left boundary 
to the right without convection, and the steady temperature fields 
are shown in Fig. 1 through the commercial software COMSOL
(http://www.comsol .com). In all the cases, the heat flux lines are 
parallel to the x-direction and the isotherms are perpendicular to 
the x-direction outside the annular region, which look like as if 
heat conducts along a homogenous plane without the annular re-
gion. In the annular region, the heat flux lines are tuned gradually 
without passing through the central invisible region in Fig. 1(a). 
This is the conventional outside thermal camouflage by the invis-
ible thermal cloak. Fig. 1(b) shows the steady temperature profile 
of the conventional thermal rotator [18,27]. It is seen that the heat 
flux lines are rotated by θ0 = π and the heat flux is inverted in the 
central region. The proposed rotated cloak is shown in Fig. 1(c). 
Comparing Figs. 1(c) and 1(b), we can see that the main difference 
is in the central region: in the proposed rotated thermal cloak, 
the heat flux lines and isotherms don’t enter the central region; 
while in the conventional thermal rotator, the heat flux lines and 
isotherms enter the central region. The proposed structure can re-
alize two functions, i.e. thermal cloaking and thermal rotating, thus 
it is called as rotated thermal cloak hereinafter.

The simulated steady temperature profiles with different pre-
designed rotation angles are shown in Fig. 2. In the annular re-
gion, the heat flux lines and the isotherms are rotated in an 
anti-clockwise direction gradually with the increase of predesign 
rotation angle θ0. The larger the θ0 is, the stronger the tem-
perature profiles are rotated. More importantly, though the tem-
perature profiles in the annular region are rotated, they never 
pass through the central region. The heat flux lines are tuned 
around the central region and return to their original direction 
before entering the annular region, which is the basic require-
ment of thermal cloaking. From Eq. (5), when the predesign ro-
tation angle θ0 vanishes, the required κ ′ can be simplified as 
κ ′ = R(θ ′)diag( r′−a

r′ , r′
r′−a )R(θ ′)−1κ0, which is exactly the same as 

that of the conventional thermal cloak, and the corresponding tem-
perature field is shown in Fig. 1(a). Another difference is that 
the temperature profiles in the proposed rotated thermal cloak 
are rotated stronger than that in the conventional thermal rota-
tor though the predesign rotation angle θ0 in both cases are the 
same as θ0 = π .

To explain the reason, we plot the variation of each compo-
nent of the transformed κ ′ at different locations with comparisons 
among the conventional cloak, rotator, and the proposed rotated 

http://www.comsol.com
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Fig. 2. Snapshots of steady temperature profiles of rotated thermal cloaks with dif-
ferent predesigned rotation angles: (a) θ0 = π/4, (b) θ0 = π/2, (c) θ0 = 3π/4 and 
(d) θ0 = π . All the boundary conditions maintain the same with Fig. 1.

cloak, as shown in Fig. 3. According to the transformation ther-
motics, the transformed thermal conductivity tensors in the cylin-
drical coordinate for the conventional thermal cloak and concen-
trator are

κ ′
cloak =

[
r′−a

r′ 0

0 r′
r′−a

]
κ0, (6)

and

κ ′
rotator =

⎡
⎣ 1 − r′θ0

b−a

− r′θ0
b−a 1 + θ2

0 r′ 2

(b−a)2

⎤
⎦κ0. (7)

Comparing Eqs. (5)–(7), we may find that the radial compo-
nents κ ′

11 of the cloak and the rotated cloak are the same, which 
are independent of rotation angle θ0 and increases with the in-
crease of r′ , therefore the curves overlap in Fig. 3(a). The off-
diagonal components κ ′

12 and κ ′
21 are the same for the cloak, con-

centrator and the rotated cloak. For the conventional cloak, κ ′
12 is 

identical with 0. For the rotator and the rotated cloak, κ ′
12 are lin-

ear functions of r′ and proportional to θ0. When r′ or θ0 increases 
in Fig. 3(b), the value of κ ′

12 decreases monotonously but magni-
tude increases due to negative sign in the formula. We also can see 
that for certain θ0, the magnitude of κ ′

12 of the rotated cloak is al-
ways larger than that of the rotator. For the tangential component 
κ ′

22, it is non-monotonous as shown in Fig. 3(c). When r′ increases 
from the inner boundary to the outer boundary of the annular 
cloaking region, κ ′ decreases monotonously for the conventional 
22
Fig. 3. Comparison of each component of the transformed thermal conductivity tensors among conventional cloak, rotator and rotated cloak with r′ and θ0: (a) κ ′
11, (b) κ ′

12
and κ ′

21, (c) κ ′
22. (d) Temperature distribution of central lines along x-direction in Figs. 1 and 2.
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cloak, increases monotonously for the conventional rotator, while 
decreases rapidly first and then increases gradually for the rotated 
cloak. The influence of θ0 seems negligible until r′ becomes larger 
than ∼17 mm. Larger θ0 leads to larger tangential component at 
large r′ . Compared to the magnitude of κ ′

22, the other components 
of κ ′ are much smaller but significant for the realization of rotated 
thermal cloaking effect. In particular, when r′ approaches the in-
ner boundary at r′ = a, there exists a singularity and κ ′

22 tends 
to be infinite, which implies an infinite value of tangential ther-
mal conductivity there and a constant temperature at the ring of 
r′ = a. Also, we can find that for certain θ0, the magnitude of κ ′

22
of the rotated cloak is always larger than that of the rotator, corre-
sponding to the stronger rotation in Fig. 1(c) than the conventional 
rotator in Fig. 1(b).

To clearly observe the thermal cloaking effect, we plot the tem-
perature distribution of the central lines along x-direction of each 
subfigure of Figs. 1 and 2. It is seen in Fig. 3(d) that along the 
x-direction (the direction of heat conducts), the temperature de-
creases for all cases. In the outside region, the temperature curves 
overlap with each other, implying the outside camouflage for the 
proposed rotated thermal cloak. In the annular cloaking region, 
the temperature curves change with the rotation angle θ0. Larger 
θ0 leads to larger temperature slops and stronger temperature 
changes. With the approaching of the inner boundary, the temper-
ature drops rapidly first and then increases to the same level of the 
inside central region. In the inside central region, all the tempera-
ture curves overlap with each other again at constant temperature 
of 350 K, i.e. the average temperature of the two boundaries. The 
constant temperature in the central region implies the inside in-
visibility, which is the expected outcome of thermal cloak. We also 
plot the temperature curve of the conventional cloak and rota-
tor in Figs. 1(a) and 1(c) in Fig. 3(d). The main difference is in 
the central region. There is a reverse temperature gradient in the 
central region with that in the outside, which looks as if heat con-
ducts from the right to the left and gives rise to the concept of 
apparent negative thermal conductivity (ANTC) [5,6]. Re-checking 
the annular region, we may see that there also exists ANTC in the 
annular region and there tends to have multiple inflection points 
(peaks and valleys) in the temperature curves. It is also seen that 
the temperature slop of the conventional rotator with θ0 = π is 
equivalent to the proposed rotated thermal cloak with θ0 = π/2, 
which corresponds to the stronger rotation effect in Fig. 1(c) than 
in Fig. 1(b). The negative value of the off-diagonal component of 
the transformed thermal conductivity tensor κ ′ can be solved such 
as effective medium theory (EMT) [7,8], and here, according to the 
formula of the negative component, i.e. κ ′

12 = −bθ0(r′−a)

(b−a)2 , we can 
easily assign the rotation angle from θ0 to −θ0, and the negative 
sign can be eliminated. A simple demonstration can be seen from 
Figs. 4(a) and 4(b), where we only change the rotation angle from 
θ0 = +π to θ0 = −π and maintain all the other simulation condi-
tions. We can successfully see the rotated thermal cloaking effect 
in both two subfigures and the only difference is the rotation di-
rection: one is anti-clockwise and the other is clockwise. To experi-
mentally fabricate such rotated cloak, we can take advantage of the 
existing fabrication strategies of the conventional cloak and rotator. 
For the fabrication of the conventional cloak, we can use concen-
tric rings of two kinds of materials of relatively large difference in 
thermal conductivity, like copper and PDMS [15,19]. Heat tends to 
be conducted along the copper rings without entering the central 
region, achieving the thermal cloaking effect. For the fabrication 
of the conventional rotator, we can use the alternative rotated-
layers of two materials, like copper and PDMS [21,27]. Heat can be 
conducted along the rotated copper layers, achieving the thermal 
rotating effect. Inspired by such strategies, we can design a struc-
ture composed by concentric layers and rotated layers, as shown in 
Fig. 4(c). In our proof-of-concept design, we use 3 concentric cop-
Fig. 4. Snapshots of steady temperature profiles of the rotated thermal cloak with 
(a) θ0 = +π and (b) θ0 = −π . (c) Schematic of the experimental design scheme for 
the rotated cloak, which is composed by concentric copper/PDMS rings and rotated 
copper/PDMS layers. (d) Simulated temperature field of the experimental design. All 
the boundary conditions maintain the same with Fig. 1.

per layers and 8 rotated copper layers, and the remaining region is 
filled with PDMS. In our simulation, the boundary conditions are 
kept the same with previous FEM simulations, and the simulated 
temperature field is shown in Fig. 4(d). It is seen that heat is ro-
tated in the annular region without entering the central region, 
thus achieving the while-rotating–while-cloaking effect.

4. Conclusions

In summary, we proposed a new rotated thermal cloak which 
can unify the conventional thermal cloaking and rotating func-
tionalities and realize the while-rotating–while-cloaking effect. The 
required anisotropic thermal conductivity tensor is deduced from 
the new geometric mapping and the simulation processes are in-
troduced. Through finite element simulation validation, the pro-
posed rotated thermal cloak is proven to realize the conventional 
thermal cloaking at zero rotation angle, and to realize rotated ther-
mal cloaking at non-zero rotation angle, which is the extension of 
conventional thermal cloak. Though rotated, the heat flux can be 
tuned around the central invisible region perfectly by the proposed 
rotated thermal cloak. The underlying physics is explored by com-
prehensive analysis of the distribution of the thermal conductivity 
tensor, with comparison among those of the conventional cloak 
and rotator. For practical fabrication, a proof-of-concept design is 
also presented, which is composed by concentric copper/PDMS 
rings and rotated copper/PDMS layers simultaneously. The pro-
posed rotated thermal cloak is expected to extend the possibility 
of cloaking scheme, and open avenues for the similar multiple co-
ordinate transformation simultaneously in all counterpart physical 
fields, such as electromagnetic, optics, acoustics, electrics, mechan-
ics, etc.
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