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Zhan Zhu," Zhaochen Wang,' Tianfeng Liu,’ Xiaobing Luo,’ Chengwei Qiu,” and Run Hu':**

SUMMARY

Metamaterials have been extensively studied due to their exciting
properties, broad physics, and promising applications covering a
vast range of science and engineering. However, most metamateri-
als only focus on a single physical field rather than multiphysics
fields, which limits their interdisciplinary applications, and existing
multiphysics metamaterials usually have the same functions. Here,
we propose general arbitrary-shape transformation multiphysics
metamaterials (TMM) based on a discretion-and-assembly strategy.
As proof-of-concept, we designed several arbitrary-shape TMMs to
achieve the robust manipulation of heat and electric current for
different combinations of cloaking/concentrating functions. The
recipe of the general TMM includes coupling the multiphysics
anisotropic parameters, offering a general strategy to fabricate
metamaterials, endowing the shape flexibility, and enabling the
functionality robustness. Our study offers a general way to design
TMMs with anisotropic material properties and paves a new way
to design multiphysics metamaterials across multiple disciplines.

INTRODUCTION

Metamaterials are artificially structured materials with extraordinary properties,

which have been extended from electromagnetics and optics' to acoustics,”

thermotics,”'? and mechanics, > '°

and exhibited great potential on manipulating
wave or flux in multiphysics fields. Tremendous advances in metamaterials have
been witnessed during the past decade, triggering the booming manners of
functions like cloaking,'®"?? concentrating,”*~’ rotating,® reflecting, illusion, 32
camouflage,®** printing,35 encoding,*® and so on. However, most of these meta-
materials only work in a particular physical field rather than multiphysics fields. For
example, the designed thermal metadevice can only manipulate heat flux, and the
designed electric metadevice can only control the electric current. The key challenge
is that different physical fields are usually described by different governing equa-
tions and material parameters, like the thermal conductivity (k) in thermotics and
the electric conductivity (o) in electrics. Thanks to the same-form Laplace governing
equations in thermotics and electrics, i.e., V:(kVT) = 0 and V- (¢VV) = 0, where T
and V are the temperature and electric potential, respectively, it is relatively easy
to design multiphysics metamaterials with the same function in thermal and electri-
cal fields, such as thermal/electric cloaking and thermal/electric concentrating.®’
The same-form governing equation and the transformation theory for same function
only require a constant ratio between k and ¢ in the design domain of metamaterials,
which significantly simplifies the process of material selecting and structure
designing to some extent. Due to quasi-linear correlation between « and o,

'School of Energy and Power Engineering,
Huazhong University of Science and Technology,
Wuhan 430074, China

?Department of Electrical and Computer
Engineering, National University of Singapore,
Kent Ridge 117583, Republic of Singapore

3Lead contact
*Correspondence: hurun@hust.edu.cn
https://doi.org/10.1016/j.xcrp.2023.101540

Cell Reports Physical Science 4, 101540, August 16, 2023 © 2023 The Author(s). 1
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).


mailto:hurun@hust.edu.cn
https://doi.org/10.1016/j.xcrp.2023.101540
http://creativecommons.org/licenses/by-nc-nd/4.0/

Please cite this article in press as: Zhu et al., Field-coupling topology design of general transformation multiphysics metamaterials with different
functions and arbitrary shapes, Cell Reports Physical Science (2023), https://doi.org/10.1016/j.xcrp.2023.101540

¢? CellPress

OPEN ACCESS

achieving the same functions for both thermal and electric fields is relatively
easy.’®*” However, to achieve multiphysics metamaterials with different functions
is rather challenging, as the required local parameters are distinct spatially, even
contradictory and rival. For instance, the thermal cloaking requires that tangential
k is approaching infinite and radial « is approaching zero, while the electric concen-
trating requires that tangential ¢ is approaching zero and radial ¢ is approaching in-
finite. Such contradictory requirement is rather scarcely possible to find the same
constitutive materials due to the quasi-linear correlation between « and ¢. In this
paper, we present a general roadmap to design arbitrary-shape transformation
multiphysics metamaterials (TMM), and as proof-of-concept design several TMMs
to demonstrate the combinations of different functions in thermal and electric fields
simultaneously.

To start, we would like to clarify the difference of designing multiphysics metamate-
rials between the same function and different functions. For the same function, say
annular thermal cloaking and electric cloaking, we transform the circular space r <
R;(6) into the annular one Ry (¢") < r' < Ry(#'), and thus the Jacobian matrix J during
the coordinate transformation stays the same for different fields, yielding the
following transformed thermal and electric conductivities:

,z I Tk Tk ‘
{&} - det(J) [Ub} - F(r,ﬂ)[ab] (Equation 1)

where the coefficient matrix F(r’, ') is quantified by the coordinate transformation

between the virtual and real space according to the desired functions. Therefore,
for same functions, we have k/d = k, /g, throughout the design domain, which
actually offers convenience in fabricating multiphysics metamaterials. Such annular
multiphysics cloak designed by transformation theory is inhomogeneous and
anisotropic, which are difficult for fabrication. Alternatively, annular multiphysics
cloak designed by the scatterinngcarzwcellation technique, as shown in Figure 1E,

1

5+R:

the conductivity ratio is £ = % = where Ry and R, are the inner and external

Kb ap Rg— f
radii of the annular shell. This implies that «s/0s = kp/0p as well throughout the

design domain. Such material requirement of equal /& throughout the cloak and

the background is rather stringent, which severely limits the flexibility of materials se-
lection and the practicality of experimental application. Moreover, the scattering
cancellation technique, originated from the source-free plane wave solution to the
Laplace equations, only offers the design of global effective properties in the shell
region rather than designing local properties, and thus offers fewer functions and
shape flexibility than the transformation theory, let alone metamaterials with
different functions. Another problem with the annular structure is the thermal resis-
tance between different layers, since the material of different layers is usually
different.

To design multiphysics metamaterials with different functions, say thermal concen-
trating and electric cloaking, the coordinate transformations and the corresponding
Jacobian matrixes are different. For thermal concentrating we compress the region
r < Rs3(6) into r' < Ry(#') and extend the region R3(8) <r < Ry() to Ri(#) < r' <
R>(8'), while for electric cloaking we transform the space r < Ry(6) in the virtual space
into the annular one Ry (¢') < r' < Ry(6') in the real space. Therefore, different coor-
dinate transformations lead to different Jacobian matrix J and J'. The transformed
thermal and electric conductivities are:

K H J/J/T JJT Kp . / pl / pl Kp .
{&} = diag [det(J')’det(J)} [ } = d:aQ[G(r,G)vF(r,ﬁ)}Lb] (Equation 2)

Jp
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Figure 1. Design of arbitrary-shape TMM with different functions
(
(

A) Thermal-electric field of TMM with thermal cloaking (color gradient) and electric concentrating
equipotential lines).

(B) Schematic of the discretion-and-assembly strategy of arbitrary-shape TMM.

(C) FCTO routine of one TFC.

(D) Thermal-electric field of conventional multiphysics metamaterials with thermal cloaking (color
gradient) and electric cloaking (equipotential lines).

(E) Schematic of the annular cloak designed by scattering cancellation technique.

where the coefficient matrixes G(r',#') and F(r',6') are different according to the
concentrating and cloaking functions. Therefore, the ratio k/a differs spatially from
coordinate to coordinate, i.e., k/6 = Kb/ab'%. Moreover, the conductivity
and ¢ are tensor actually, and then their components are also different spatially.
More discussions on /¢ with different functions are presented in Note S1 and Fig-
ure S1. Such spatially varying k /g and their components make it nearly infeasible to
precisely design multiphysics metamaterials with different functions by bulk
materials.

RESULTS

Methodology

To solve this problem, we propose a discretion-and-assembly strategy, namely
dividing the design domain into many topological functional cells (TFCs), calculating
the desired k and ¢ by the general transformation theory with different functions,
optimizing the local structures of each TFC by a multi-objective topology optimiza-
tion, and assembling TFCs into arbitrary-shape metamaterials for different function
demonstration. As we employ the general transformation theory rather than scat-
tering cancellation method, the designed multiphysics materials are specifically ad-
dressed as TMM hereinafter. As shown in Figure 1B, we divide the TMM into many
square TFCs, each of which takes the transformed conductivity tensor of the central
point calculated by the transformation theory as the target conductivity a (=« or ).
The number of TFCs will influence the accuracy of the target functions and the diffi-
culty of the design and fabrication. With the increase in the number of TFCs, the ac-
curacy of the target functions will be enhanced, but the design and fabrication
become more difficult. Therefore, a trade-off is suggested to choose a reasonable
number of TFCs. The accuracy of achieving the local « depends on the size of square
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Figure 2. Flow chart of the field-coupling topology optimization roadmap

cells and the inverse optimization algorithm. Here, field-coupling topology optimi-
zation (FCTO) is employed specifically to design the k and ¢ simultaneously by taking
the transformed tensor « as the objective. The flow chart of FCTO roadmap is shown
in Figure 2. To inversely design from specific properties to material distribution in
these TFCs, we must figure out how material distribution determines material
properties. Here, we mesh each TFC into N finite elements and calculate its effective
conductivities by the numerical homogenization method.“® In numerical homogeni-
zation, the periodic boundary condition is commonly used. The thermal/electric
conductivity tensor a;, (I, m =1, 2) of each TFC can be calculated as

N
Qm = {z; Z;j = ‘17‘ ; (Al";)*A,-(pl-)Al"?"I (Equation 3)
where |V| is the total volume of each TFC. AT ( = l"? — I')) is the temperature/po-
tential vector difference where T9 is the nodal temperature/potential vector
under the uniform test heat/electric current Y, and T'; is the induced nodal temper-
ature/potential field. A;(p;) = a(p;)A? is the conductivity matrix determined by the
conductivity coefficient a(p;) of each finite element and the unit conductivity matrix

A=, [(%—’;‘)1(%—’;‘) + (%)T(%ﬂd\/, where N is the shape function and V; is the

volume of a finite element. In topology optimization,*'*

each finite element is
assigned an artificial continuous density ranging from O to 1, which is taken as the de-
sign variable during the iterative process. Here, we employ a modified solid isotropic
material with penalization scheme to interpolate the design variables to material
properties of two materials, i.e., a(p;) = dmaterial 1 + PP (Umaterial 2 — material 1), Where
p is the penalty coefficient and p; is the effective density of each finite elementin a
range of 0 and 1. To improve the accuracy, the effective density should be close to
either 0 or 1, and the penalty coefficient p is set to 5 properly after initial tests. In our
design, four corners in each topological functional cell are set as 1 to make sure each
cell is connected to each other. This setup greatly improves the connectivity be-
tween cells. This is also another merit of our metamaterial over traditional multilayer
structures. With reasonable selections of objective function and constraint, the
design variable p; can be updated iteratively until obtaining a satisfying topological
structure to achieve the required properties. Here, the multi-objective topology
optimization model for obtaining the desired tensor « is formulated as
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1N
min C = — i
Vi 2

i=1
s.t.: Kee(p))Tte = Qte, (Equation 4)
G = f(l){/,m&[m) = O7 (/, m = 1,2)
0<p;<1,i=12...N

where f(...) is a custom function to evaluate the difference between the effective
properties of the optimized configuration «aj, and the input properties &j,, of each
TFC. Kte(pi), Tte. and Q. are the global heat/electric conduction matrix, global
temperature/potential matrix, and global thermal/electric load matrix, respectively.
Kie(p) and Qi can be quantified by Kie(p) = XN ;A and Qi = SN NP,
respectively. ltshould be noted that we set minimizing the volume fraction of material
2 as the objective function, take the difference between «;,, and &, as the constraint,
to make the optimization process more effective. The sensitivities of constraint G and
objective function C, i.e., the derivative of constraint G and objective function C with
respect to design variable, can be calculated by using the adjoint method. Then, the
design variable p; will be updated on the basis of the sensitivities with the method of
moving asymptotes (MMA).** By introducing moving asymptotes, the MMA method
transforms the implicit optimization problem into a series of explicitly simpler and
strictly convex approximate suboptimization problems. In each iteration step, new
design variables are obtained by solving an approximately convex subproblem.
Inputting the required properties of each TFC calculated from the transformation the-
ory, the topological configuration of each TFC can be obtained by optimizing the
design variable p;. The evolution of topology optimization process of one typical
TFCisplotted in Figure 1C. The material distribution in the TFC is increasingly clearer
after a certain number of iterations, since the design variable p; is updated iteratively.
The optimization stops when the constraint G is small enough, i.e., the effective prop-
erties of the TFC are close to target input properties. Through FCTO, the topological
configuration of each discrete TFC in TMMs can be optimized to achieve the target
conductivity calculated by the transformation theory. Through this method, the
TFC with varying k/o can be designed with acceptable error by either selecting
proper materials or adjusting the distribution of materials. For more discussion on
the varying k/a, refer to Note S2 and Figures S2 and S3. After obtaining the 0-1 ma-
terial distribution of each TFC, we can assemble TFCs into the complete multiphysics
metamaterials by integrating the TFCs into a larger 0-1 matrix, which can represent
the whole metamaterials. Furthermore, the geometry of the multiphysics metamate-
rials can be imported by COMSOL Multiphysics 5.5 with MATLAB for subsequent
simulations and optimizations. Since each TFC of TMMs locally achieve the target
thermal/electric conductivity, the whole TMMs can realize the specific functions in
different physical fields. To validate the effectiveness of the discretion-and-assembly
strategy, we first evaluate whether the TFCs possess the desired anisotropic param-
eters. As shown in Figure 3, temperature and potential are almost identical for the
target fields and TFC fields, which verify the TFCs with the target properties.

Design and verification

To verify our general roadmap, we first design a TMM with thermal concentrating
and electric cloaking function in a single device. For general, the arbitrary shapes
of the TMM are described by two parameterized curves with respect to azimuth
coordinate 6, as shown in Figures 4A-4C, as Ry = 0.75[1.5 cos(46 +2x /3) +10],
R, = 2[0.3sin(126) +2 cos(66) +15], and R3 = 2[1.5 cos(46 +2m /3) +10], where
R3 is used for thermal concentrating only. The whole region is discretized into
25 x 25 cells, and each cell is discretized into 100 x 100 square finite elements
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Figure 3. Numerical verification of the TFC

(A) Target properties k and a.

(B) Original TFC structure.

(C) Smoothed TFC structure.

(E and H) Thermal and electric fields of virtual materials with the target properties.
(F and I) Thermal and electric fields of 10 x 10 TFCs array.

(D and G) Temperature and potential comparisons along the orange dash line.

for storing the design variable. The thermal conductivity k and electric conductivity o
of the background is setas 10W m~" K" and 2.5x10° Q' m~". The properties of
two materials in topology optimizationare k1 = TWm™'K™', g, =1.5% 107 Q"' m™"
and k; =400Wm™" K™, g, =10 Q7" m™". To design the arbitrary-shape cloak, we
can map the outer parameterized curve r<Ry(#) into the inner one
R1 (0/) < r' < Rz(ﬁl), as
r = Re(6) = Ri(0) r+Rq(6)
Ra2(6) (Equation 5)
6 =0

The target conductivity (k and &) & can be calculated as @ = Jay,JT /det(J), where Jis
the Jacobian matrix of the above coordinate transformation, «;, is the conductivity of
the background and det(J) is the determinant of the matrix J. Combining the two for-
mulas above, the target conductivity & in the intermediate region Ry (#') < r' < Ry(#)
can be deduced as
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(Equation 6)
where ¢ is the azimuth coordinate.
To design the arbitrary-shape concentrator, the coordinate transformation formulas can

be obtained by compressing the region r < R3() into r' < Ry(#') and extending the re-
gion R3(8) < r < Ry(f) to Ry (0') < r' < Ry(#'). The mapping formulas are as follows:

“R(0

_ Rel0) = Ri0) R(O)R(O) — Rs(0) N o
RO R RO —R@ - REO)<T<R(@)

=

(Equation 7)

The target conductivity & can be deduced in the same way. In the region r' < Ry (¢'),

_ |:5£11 &12:| |:COS(p —sin (/):| |:(0£11)r9 (0(12)g:| |:COS§0 —sin g0:|T
o = = Qp
Q1 O sing cos ¢ (a21),y (a22),||sing cos¢
/2 2
A A
(1) = %§ (@r2)y = (a21) = 55 (@z2)p =1
r
 dRi(¢)  dRa(6)
e "(Rz(e) a0 Rw(”)w
Ry (8RR (6)
(Equation 8)
In the region Ry(6') < 2(6'),
~ cosgp —sine||(a11), (o2),]|[cose —sing !
“" sing cosg || (an),, (a2),]|]|sing cosg
A /
(a”) 0= ( ) ) Ty (a12)r€ = (a21)r0 b’ (C(zz) r/ i b
dR3(8')

(Re(#) = RUON( — Rol) =2

(Rs(#) — Ri(8))*

(Ro(#) ~ RO~ R(#) D) Ryt — Ry Rt TR

(Rs(#') — Ri(8))*

Ra(0)(Ri(6) — Rs(0))
Ra(60) — R3(6)

A=

b=

(Equation 9)
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Figure 4. FCTO design of TMM with thermal concentrating and electric cloaking functions
A) General geometry for the TMM.

B) Coordinate transformation for a concentrator.

C) Coordinate transformation for a cloak.

E and H) Simulation of temperature and electric fields when the design domain is filled with Material 1.

(
(
(
(D and G) Simulation of thermal concentrating and electric cloaking function.
(
(

F and I) Simulation of temperature and electric fields when the design domain is filled with Material 2.

Note that the target conductivity & is always an anisotropic tensor, resulting from the
severe requirements of directional regulation, which is challenging to achieve with
naturally occurring materials. A layer structure formed by alternating two materials
is a decent option to achieve such anisotropic conductivity. However, this structure
may not cover a sufficiently large conductivity space and achieve the target conduc-
tivity precisely due to its limited shapes and design freedoms. TFCs can achieve the
target thermal and electric conductivities precisely since the materials distribution is
obtained by iterative updating and is completely random, breaking the shape limi-
tation and conductivity space of traditional layer structure.

As shown in Figures 4D and 4G, it is seen that good thermal concentrating and elec-

tric cloaking functions are obtained by referring to the enhanced thermal gradient
and removed electric gradient inside the inner region encircled by the TMM, while
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Figure 5. Simulation verifications of the designed multiphysics metamaterials under temperature/potential gradient with different directions

the thermal and electric fields outside the TMM keep almost unchanged. In
contrast, when the TMM is filled with Materials 1 or 2, the thermal and electric
fields are distorted obviously. Further, we demonstrated in Figure 5 that the
designed TMM can maintain its thermal concentrating/electric cloaking
functions omnidirectionally no matter in which direction the heat flux and electric
current is projected. Besides the linear thermal/electric field gradient, the pre-de-
signed functions maintain as well in the transient case and non-uniform source
case in Figure S4.

Further, we would like to verify the performance with more different combinations of
functions and shapes. As shown in Figure 6, we demonstrate the thermal cloaking/
electric concentrating, thermal cloaking/electric cloaking, and thermal concen-
trating/electric concentrating functions as well. We design a same-shape TMM
with above R;, R, and R3 shape for thermal cloaking/electric concentrating function
in Figure 6A. It is seen that the thermal field gradient is removed while the electric
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Figure 6. Demonstration of TMMs with different functions and different shapes

(A and E) TMM with thermal cloaking and electric concentrating function with the same shape as Figure 4.
(B and F) TMM with thermal cloaking and electric concentrating function with a different shape.

(C and G) TMM with thermal cloaking and electric cloaking functions.

(D and H) TMM with thermal concentrating and electric concentrating functions.

field gradient is enhanced inside the inner region, while the external fields are almost
unchanged, verifying the good thermal cloaking/electric concentrating perfor-
mance. In Figure 6B, we redesigned the TMM with different shapes by employing
new parameterized curves as Ry = 0.75[2 cos(46) +13] and R, = 2[0.5sin(f) —
sin(20) — 0.5 cos(f) + 2 cos(50) + 15]. Similarly as in Figure 6A, very good thermal
cloaking and electric concentrating functions are also observed. Further, we also de-
signed two TMMs with the same functions as thermal/electric cloaking and concen-
trating functions in Figures 6C and éD. In Figure 6C, both the thermal and electric
field gradients are removed inside the inner region, verifying the good cloaking
functions. In Figure 6D, both the thermal and electric field gradients are enhanced
inside the inner region, demonstrating the good concentrating functions.

DISCUSSION

Finally, we would like to further discuss materials selection during the design of
TMMs. For the same function in multiphysics fields, the requirement of material
properties is constant k¥ /G according to Equation 1, which is relatively easy for select-
ing proper materials. Nevertheless, for different functions, according to Equation 2
the spatially varying /& makes it difficult to select proper materials for achieving the
distinct k and ¢ tensors. If we select the proper materials for achieving the same func-
tion, the error between the actual /g and the target «/o is small and acceptable, as
shown in Figure S5. But if we select the same materials for achieving different func-
tions, the error is much larger and the optimized TFC has too many gray elements
and disables the overall functions and practical fabrication. The distribution of con-
straints G between the effective properties and the target properties of the whole
TMM with the same function and different functions is shown in Figure Sé. It is
seen that the error is much larger for different functions than the same function,
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implying that the materials should be selected properly, especially for the different
functions; otherwise the TFC cannot be fabricated and overall functions are far from
satisfactory. In our study, we combine contradictory cloaking and concentrating
functions into a single device because we try to solve the most challenging problem.
To this end, we should select one material with low « and high o, and one
material with high k and low ¢. Figure S7 shows the constraints G of two different
TFCs with different material selections, implying the importance of material
selections.

In summary, we propose a general roadmap to design arbitrary-shape TMM to
manipulate heat and electric current simultaneously via FCTO for different functions.
Based on FCTO, the desired thermal and electric anisotropic conductivity can be
achieved effectively by designing TFCs, and subsequently the TMM can be obtained
by assembling the TFCs according to the arbitrary shape. The robust manipulating of
heat and electric current for different functions was validated no matter where the
heat or electric current is input. The robust performance is inherited from the func-
tionality-independent transformation theory. Compared with previous research on
multiphysics metamaterials, our strategy advances in three aspects: (1) The present
strategy can assist design multiphysics metamaterials with arbitrary shapes and
different functions, which is the first time to deal with limited shapes and different
functionality integration simultaneously. (2) With the high accuracy of FCTO, more
materials, structures, shapes, and multiphysics functions can be designed under
the general design framework. (3) Since all the TFCs are interconnected the multi-
physics metamaterial is made into a whole, so the annoying thermal resistance
issue is removed in our design. The discretion-and-assembly strategy of arbitrary-
shape TMM is general, which can be used to design various TMMs beyond the
demonstrated functions, like employing piezoelectric metamaterials to control the
thermal-piezoelectric-mechanical properties.”**The TMM is rather different from
the previous bilayer or multiple concentric-ring structures, which offers great flexi-
bility in terms of shape, functionality, and performance robustness, and removes
the thermal resistance issue as we integrate all the TFCs into a single metadevice.
Our study offers a general way to achieve metamaterials with anisotropic tensor
properties and paves a new way to design TMM beyond the present thermotics
and electrics.
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